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Abstract. We study the position of a biased tracer particle (TP) in a bath of
hardcore particles moving on a lattice of arbitrary dimension and in contact with
a reservoir. Starting from the master equation satisfied by the joint probability
of the TP position and the bath configuration and resorting to a mean-field-
type approximation, we presented a computation of the fluctuations of the TP
position in a previous publication (Bénichou et al 2013 Phys. Rev. E 87 032164).
Counter-intuitively, on a one-dimensional lattice, the diffusion coefficient of the
TP was shown to be a nonmonotonic function of the density of bath particles,
and reaches a maximum for a nonzero value of the density. Here, we (i) give the
details of this computation and offer a physical insight into the understanding
of the nonmonotonicity of the diffusion coefficient; (ii) extend the mean-field-
type approximation to decouple higher-order correlation functions, and obtain
the evolution equation satisfied by the cumulant generating function of the
position of the TP, valid in any space dimension. In the particular case of
a one-dimensional lattice, we solve this equation and obtain the probability
distribution of the TP position. We show that the position rescaled by its
fluctuations is asymptotically distributed according to a Gaussian distribution
in the long-time limit.

Keywords: driven diffusive systems (theory), stochastic particle dynamics
(theory), diffusion
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1. Introduction

1.1. Context

Studying the dynamics of an active particle or a particle submitted to an external
force travelling in a crowded environment is a frequent problem in physics and in biol-
ogy. Different examples are found in biophysics, when one considers molecular motors,
motile living cells or bacteria [1, 2], or in the study of biased intruders in granular
systems [3] or colloidal suspensions [4]. The determination of the dynamics of this
tracer particle (TP) is consequently an important question, with different applications.
In particular, new experimental tools allow the study of a medium using a microscopic
probe particle submitted to an external force. This field of research, commonly known
as active microrheology, has been applied to different systems in past decades, among
which are biological cells [5, 6], complex fluids [7, 8] and colloidal suspensions [4, 9].

From a theoretical point of view, the difficulty lies in the modeling of the environ-
ment of the tracer particle (TP), which is constituted of a large number of interacting
bath particles. In most analytical approaches, the evolution of the position of the TP is
studied with some effective description of the bath of particles [10], which do not take
into account the correlations between the position of the TP and the density profiles
of the surrounding bath. In the situation where the TP and the bath particles have
comparable sizes, the response of the probe to the external forcing, and in particular its
fluctuations, cannot be accounted for correctly with an effective treatment.

Here, we study the diffusion of a driven tracer in a lattice gas of hardcore particles.
This minimal model explicitly takes into account the bath dynamics: the driven TP
performs a biased nearest-neighbor random walk, in a bath of particles performing
symmetric nearest-neighbor random walks, with the restriction that each site is occu-
pied by at most one particle. We assume that the lattice is in contact with a reservoir
of particles, so that the bath particles present on the lattice may desorb back to the
reservoir, and particles from the reservoir may adsorb onto vacant lattice sites. This
so-called Langmuir kinetics is relevant to describing situations where a gas or a vapor
is brought into contact with a solid surface, on which the gas particles may form an
adsorbed layer. The transport properties of the adsorbed particles have been shown
to control many different processes, such as the spreading of molecular films on solid
surfaces [11] or dewetting [12, 13]. The particular case where the Langmuir kinetics is
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coupled to a totally asymmetric exclusion process was investigated theoretically [14,
15], and has been shown to be relevant to describe the directional motion of molecular
motors on a cytoskeletal filament, with random attachment and detachment of the
motors [16, 17].

Studying the transport properties of a biased TP in a hardcore lattice gas is actu-
ally a complex N-body problem. In the situation where the density of bath particles p
is very high and where the number of particles on the lattice is conserved, the problem
can be treated exactly to obtain results at leading order in (1 — p) [18-21]. For an arbi-
trary density of particles, exact results were established concerning the mean position
of the TP in the one-dimensional situation [22], and concerning the validity of the
Einstein relation [23]. The situation where the lattice is populated by an arbitrary den-
sity of particles and where it is in contact with a reservoir of particles was addressed by
resorting to a mean-field-type approximation consisting of the decoupling of relevant
correlation functions, allowing the computation of the mean position of the TP and of
the bath density profiles in the long-time limit, in the case of a one-dimensional lat-
tice [24] and for lattices of higher dimension [25-28]. Numerical simulations sampling
exactly the master equation of the problem revealed the accuracy of the decoupling
approximation in a wide range of parameters. The situation where the bath particles
are fixed and can appear and disappear with prescribed rates, known as dynamical
percolation [29], was also considered [30].

More recently, by extending the decoupling approximation initially proposed to
study the mean position of the TP, its fluctuations have been studied [31]. An evolution
equation for the fluctuations of the TP on a lattice of arbitrary dimension was obtained.
This equation was solved explicitly in the case of a one-dimensional lattice, and in the
stationary limit. The analysis of the solutions revealed a striking feature of the diffusion
coefficient: in a wide range of parameters, it is shown to be a nonmonotonic function of
the density of particles on the lattice. Counter-intuitively, the diffusion coefficient of the
TP can then be enhanced by the presence of bath particles in its environment.

Recently, this nonmonotonicity was also observed in the situation where the TP is
dragged in a bath of soft particles [32, 33], and then appears to be a generic feature of
biased intruders in crowded environments.

1.2. Main results of this paper and overview

In this paper, we first give a detailed computation of the results presented in [31]: we
establish the evolution equation of the fluctuations of the TP position in arbitrary
dimension under the decoupling approximation, and solve it in the case of a one-
dimensional lattice. We show that the nonmonotonicity of the diffusion coefficient with
respect to the density of particles on the lattice is correlated to a nonmonotonicity of
some cross-correlation functions with respect to the distance to the TP.

The main result of this paper is the following: we go one step further and general-
ize the mean-field-type approximation in order to calculate the cumulant generating
function of the position of the TP, and therefore its complete probability distribution.
Denoting by X; the position of the TP, by X; = X; - e; its projection along the direction
of the bias, and defining the cumulant generating function ¥(u; t) = In{e!**), we obtain
in the long-time limit
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W(u; t) e P(u)t, 1)
with
— ﬂ iuc __ . <ei“thXt+€1> E —iuo __ . <eiUthXre1>
O(u) = T (e 1)[1 <eiuXt> ]+ - (e 1)[1 (eiUXt> ) (2)

where p, is the jump probability of the TP in the direction v of the lattice, 7 is its char-
acteristic jump time, o is the lattice spacing and 7, is the occupation number at site r.

The evolution equations for the correlation functions @ (u; t) = (™Y x ) /(e"¥) are

obtained using an extension of the mean-field-type approximation proposed to study
the mean and fluctuations of the position of the TP. This result is given by equa-

tions (70) and (71), where the quantities k,.(t) = (n X L) are the density profiles in the

reference frame of the TP and are the solutions of equations (15) and (16). The equa-
tions satisfied by the correlation functions @,(u; t) are solved in the particular case of a
one-dimensional lattice, and we compute the probability distribution of the position of
the TP. We show that all the cumulants of the TP position scale as t.

We also consider the random variable obtained by rescaling the position of the TP
by +/t. For this random variable, all the cumulants of order greater than 2 vanish in the
long-time limit, which shows that the position of the TP is asymptotically Gaussian.

The article is organized as follows. In section 2, we present the model and give the
master equation governing the joint probability of the position of the TP and of the
bath particles configuration. In section 3, we give the evolution equations of the first
two cumulants. These equations involve the density profiles around the TP and some
tracer-bath cross correlation functions, whose evolution equations are explicitly given
in a closed form by resorting to a mean-field-type approximation. In section 4, we gen-
eralize this approximation in order to obtain a closed set of equations for the cumulant
generating function of the TP position. These equations are valid in arbitrary dimen-
sion, and they give in principle the whole probability distribution of the TP position.
As a particular case, we also obtain the equation satisfied by the third cumulant of
the distribution. In section 5, we solve the equations obtained under the decoupling
approximation in the particular case of a one-dimensional lattice, and then obtain
explicit expressions for the first three cumulants, as well as an implicit determination of
the cumulant generating function. In section 6, these analytical solutions are compared
with results from Monte Carlo numerical simulations that exactly sample the master
equation. We summarize our results and give an outlook in section 7.

2. Model and master equation

2.1. Model

We consider a d-dimensional hypercubic lattice (we denote its spacing by o) in contact
with a reservoir of particles (see figure 1). We adopt a continuous-time description of
the system. We assume that the particles in the reservoir adsorb onto empty lattice

doi:10.1088/1742-5468/2015/11/P11016 5
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Figure 1. Model and notations in the two-dimensional case.

=

sites at a fixed rate f/7*. The particles adsorbed on the lattice desorb back to the res-
ervoir with a rate g/7*. The adsorbed particles perform symmetric nearest-neighbor
random walks, and jump to any of the 2d neighboring sites with a rate 1/(2d7*). All
the particles present on the lattice interact with a hardcore exclusion rule, such that
each lattice site is occupied by at most one particle.

We introduce the occupation variable 7,, which takes two values: 1, if the site r
is occupied by an adsorbed particle, and 0 otherwise. The mean density of the bath
particles, (1,), is equal to p = f/(f+ ¢) in the long-time limit. However, the number of
bath particles adsorbed on the lattice is not constant. The case where the number of
particles on the lattice is conserved can be retrieved by taking the limits f— 0 and g— 0
with a fixed value of the density p = f/(f+ g) .

We also introduce a tracer particle (TP). The TP cannot desorb from the lattice
and it is submitted to an external force, such that it preferentially jumps in the direc-
tion of the unit vector e;. We denote by X; the position of the TP at time ¢. The tracer
jumps from X; to X; + e, with rate p,/7 where p, > 0 are arbitrary constants. For sim-
plicity, we will use the notation e_,, = —e,. In other words, the jump rate of the tracer
in direction v is p,/7. The equations presented below and their solutions are valid for
any choice of the jump probabilities p,. However, it can be convenient to assume that
the bias originates from an external force F'= Fej, so that the jump probability in
direction v is written

eé:@F €y

Py = S oiOF-e, (3)
pe{£l,...+d)

where f = 1/(kgT) is the inverse temperature, and will be taken as equal to one. Note
that this choice of p, fulfils the detailed balance condition. After the direction of the
jump has been chosen, the TP hops to the target site if it is vacant; it remains on the
same site otherwise.

2.2. Master equation

We begin by introducing some auxiliary definitions. We define n = {7,.} as the entire set
of the occupation variables, which is the configuration of the lattice at a given time.
Next, we define the joint probability P(X,n; t), which is the probability of the TP being
at site X at time ¢ with the bath particles in a given configuration n. Next, we define

doi:10.1088/1742-5468/2015/11/P11016 6
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n™" as the configuration obtained from 7 by exchanging the occupation numbers of sites
r and r + e, (Kawasaki-type exchange [34] due to the hop of a bath particle) and n"
as the configuration obtained from 7 by the change 7, = 1 — 7, (Glauber-type exchange
[35] due to adsorption/desorption events). The time evolution of the joint probability
P(X,n; t) is given by the master equation:

d
20O P X, ) =D, D, [PX, "t — P(X,n; t)]
p=lr=X—-e, X

2dr*
+ 220 pd (= ) PX — e ) — (1= 1x, o )P(X, 75 1))
o

+2dg EX[a — ) P(X, 775 t) — 0, P(X, ;)]

+2df 2 [, P(X,0"5 6) — (1= n,) PX, 3 D]. @)
r=X
The first term of the right-hand side of (4) describes the diffusion of adsorbed particles,
the second term corresponds to the diffusion of the TP, and the third and fourth terms
are associated with the desorption and adsorption events of the bath particles.

If not otherwise specified, the sum over an index p runs over the 2d elements
{£1, .-, £d}. In what follows, the brackets (-) denote an average over the TP position
and bath particles configurations with weight P(X,n;t), and X; = X;- e; denotes the
position of the TP along the direction of the external force.

3. Equations satisfied by the first cumulants

3.1. Mean position

The time evolution of the first moment (X;) of the TP position can be obtained by
multiplying both sides of (4) by (X - e;) and summing over all possible configurations
(X, n). An alternative way to compute (X;) is to write that during an infinitesimal time
interval At, the TP position X; evolves according to

-

X;+ o with probability pi(1 — 77Xt+e1)£’
-
. e At
Xi+rar =4 Xi— o with probability p 1(1 —nx.,. )—,
-
. . At At
X; with probability 1 — p1(1 = nx,, o )— —p-1(1 = nx4e )—, ()
T T

\

and take the average of this equation. Both methods result in the following exact
equation:

d
X = %{pln — ke,(D)] — pall — ke (D, ©6)

doi:10.1088/1742-5468/2015/11/P11016 7
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where k(1) = (n Xoir) is the probability of having at time ¢ an adsorbed particle at posi-

tion 7, defined in the frame of reference moving with the TP. In other words, k,(t) can
be thought of as being the density profile as seen from the moving TP.

Note that the approximation obtained by replacing all the local average densities
k.(t) by the global density p in equation (6) (that we will refer to as the trivial mean-
field approximation) yields

d
E<Xt> = g(pl —p-)(1 —p). (7

A more accurate determination of the evolution of the mean position of the TP is
given by equation (6) and relies on the calculation of the quantities k., (¢), which are
the mean density of bath particles at the sites in the vicinity of the TP. This actually
requires the computation of the density profile k,.(t) for arbitrary =. The evolution equa-
tions for k,(t) may be obtained by multiplying the master equation (4) by nx_, and
summing over all the configurations of (X, 7). We get the following equation:

2d7*0ikr(t) = D (V) — 6o, V- k() — 2d(f+ @)kn(t) + 2df
1%

2dr*
+

D 0AQ = x4 e ) Vi) X0 (8)

where we define the operator V, acting on any space-dependent function f.
Viuf(r) = f(r + e, — f(r). )

Equation (8) is not closed with respect to the density profiles k., but involves the cor-
relation functions (7 Xte,ll Xﬂr,a). The evolution equations for these correlation functions
can be obtained from the master equation (4), and one can show that they actually
involve higher-order correlation functions. Consequently, we face the problem of solving
an infinite hierarchy of coupled equations for the correlation functions. We then resort
to an approximation, obtained by writing the occupation variables as ng = (ng) + éng,
and by discarding the terms of order (§15)%. We obtain

N xrx1e,) = (N x00) + N x4 ) (N x40} T N x1¢)) (10)
~ (N x,492 N X 1 e,) (11)
~ kp(t)ke (1), (12)

which is valid for 7 = e,,. In the particular case where r = e, recalling that ny, te, € {0,1},
we get

<(77Xt+eu)2> = <77Xt+e“> (13)

= ke (1)- (14)

doi:10.1088/1742-5468/2015/11/P11016 8
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The approximation (12) then relies on the decoupling of the correlation functions
<nXt+r77Xt+eu>- It can be seen as a mean-field type approximation, and will be general-
ized later to study the other cumulants of the TP position. It will be referred to as the

decoupling approximation in what follows. This approximation will be shown to be very
accurate later on.
Using this approximation in equation (8), we obtain

2470k (t) = Lko(t) + 2df, (15)
if »=e,. For the sites r = e, with v = {£1, +2, ..., =d} we find

2d7*Oke () = [L + Aft)]ke,(t) + 24f, (16)
where L is the operator

L= AV, — 2d(f+ 9), an

m
and the coefficients A,(t) are defined by
2d7*
AUD =14 == p 1 = ke D) (18)

The occupation number of the origin is taken to be equal to zero by convention. Note
that equation (16) represents, from the mathematical point of view, the boundary con-
ditions for the general evolution equation (15), imposed on the sites in the immediate
vicinity of the TP. Equations (15) and (16) together with equation (18) thus constitute
a closed system of equations which suffices to compute the density profiles k,.(t). These
equations were first obtained by Bénichou et al, and solved in the case of a one-dimen-
sional lattice [24] and of higher-dimensional lattices [26, 27].

3.2. Fluctuations of the TP position

The time evolution of the second moment (X;?) is obtained by multiplying the master
equation by (X - €)%, and averaging over the TP position and the bath configuration;
or, alternatively, averaging the balance equation (5). The details of this calculation are
given in appendix A. We get

dopo_d, o o
dt<Xt ) = dt((Xt 61) )
2
- Tg{pl[(X» — 9o (D] — p (X)) — g, (D]
2

o
+ T{pl[l - kel(t)] + pa[l — ke,l(t)]}a (19)

where g (1) = (X;nx ,,)- Knowing that
d d
Loy =200 S,
< oy = t>( < t>) 20)

doi:10.1088/1742-5468/2015/11/P11016 9
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and using equation (6), we can deduce an expression for the second cumulant of the TP
position in the first direction:

20 _ ~

7[1919 el(t) — P-19 efl(t)]

2 (21)
+7{p1[1 — ke,(D] + p-i1ll — ke (D]},

i 2y _ 2y —
3 (&) = (&) =

where

G =0 Xidnx, 1), (22)

with §X;= X; — (X;) and 01 x,4r = N x,0r — (N x4r)- It then suffices to determine g, (t)
to compute the fluctuations of the TP position.

In the trivial mean-field approximation, one has k., =p and §,=0 for any 7.
Equation (21) then reduces to

d o2
d_(<Xt2> — (X)) = —(p1+p-)1 — p). (23)
t T

Note that equation (23) corresponds to the standard result for the fluctuations of the
position of a biased random walker, where the time ¢ is renormalized by the fraction
of unoccupied sites 1 — p. In the particular case of a one-dimensional lattice where
p1 + p—1 = 1, the fluctuations of the TP position do not depend on the bias. This is in
contrast with the case where the TP has a discrete time evolution [36].

The evolution equations for §.(¢) are obtained by multiplying the master equa-
tion (4) by 6Xnx,, and summing over all the configurations of (X, 7). The details of
the calculation are given in appendix B. We get the following equation

2d7*0,G,(t) = D AV — 6r.e, V) T(t) — 2d(f+ 9)F.()
)%

2d1*
+ u Zpu<5Xt(1 - nXt—&-e“)VunXt—f—r)
/L
2dr*
+ o[p{( = Nxe)Nxrre) = P18l —Nx e Mxirre )]
2dr*
27, [ p1(1 — ke, () — p_1(1 — ke (0))] kr(2). (24)

We then notice that this evolution equation involves higher-order correlation func-
tions, of the form (6 Xmx 1 x, +eu). As previously, their computation would lead to an

infinite hierarchy of coupled equations. We then write an extension of the decoupling
approximation (12), obtained by writing ng = (ng) + 0ng and discarding the terms of
order (61g)%. We find

<5Xt77Xt+r77Xt+e,) = <nXt+r><6thXt+e,‘> + <6thXt+r><nX,+e/L>7 (25)
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= kr()7 ¢, (1) + ke (D) 7,(1), (26)
which is valid for r = e,. For r = e, using the relation (ny e“)2 = NxX,4e, W€ obtain
(6Xi0x40)") = T @7
If r£{esq,...,e+y}, expanding the term of the second line of equation (24), we
obtain
2671_7—* %:puth(l - nXt-&-e#)vﬂnXﬁ-r)
2d7*

Zpu[<5thXt+r+eu> - <6)(7577Xt+r> - <6)(7577Xt+eu77Xt+r+eu> + <6Xt77Xt+eﬂ77Xt+r>]a
m
(28)

and using the definitions of g, (equation (22)) as well as the decoupling approximation
(equation (26)), we obtain

2dr*

Zpu<§Xt(1 — Nx+e) Vil X1 ) (29)
w

*
20T S B [951) — o (Do) — i (OVG,D)] 30)
m

T

Then, we gather the first three terms of the rhs of equation (24) and obtain
2d7r*

T

2oV (1) = 2d(f+ G + == D p6 XL — nxy o)Vl x4 )
Iz Iz

2dr* 2dr*
:Z{1+ : [1—ke;,<t)]}vu‘c7,~<t>—2d(f+ D) — == D2 Pl o (DVihn(D)
% %
~ 2 *
— L5 - 223 g (OVki D). (31)
o

The last two terms of equation (24) are recast using the decoupling approximation from
equation (12). One obtains

2d1*
"o [P = Nx s e)Nxtrie) — P10 = Nx4e INXirie )]
k
20T (L~ ke (D) — pald — ke (D1} Rl 32
*
- 2‘1: o [ pi(krse, — e (Dkrie (D) — pilhrse  — ke (Dkrse ()]
k
= 2T L = k(D] = pall — e (D]} EA(D) 33)

doi:10.1088/1742-5468/2015/11/P11016 11
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2dt*
= a{ pill — ke,(DIVAkR(E) — pa[l — ke (DIV_1kn(1)}. (34)

Using equations (24), (31) and (34), we finally obtain the following equation for the
evolution of the correlation functions g,

2dr*

2dT*0,9,(t) = Lg,(t) + o{pill — ke, (DIVIER(t) — pa[l — ke (DIV-1K(1)}

2dr*

20§ o (O)Vkin(E), (35)
7

which holds for all , except for r = {0, e, ...,e14}.
On the other hand, for the special sites r = e, with v = {£1, ..., +d}, the term in
the second line of equation (24) can be rewritten as

2dr*
Z p,u<6Xt(1 - 77Xt+eu )VM) Xt+e,,>

1%

2dr*

= 2o plOX(L = Nxy e ity e, — Nxive) (36)
i

2dt* Z

= pu<5Xt(1 - 77Xt+eu)(77Xt+el,+eu - 77Xt+e,,)>
T  uztv

2dr*
+ . PAOXUL — N x e )N X120, — N X 4e))

2dr*
+ P-0X(1 = Nxe )N x,— Nx1e))- (37)

T

The first term can be written in terms of k, and g, using equation (29). The last two
terms are rewritten using the decoupling approximation (equation (26)), the property

(n,)* = n,, and the conventions kg = g, = 0. We obtain

2dr*

Z p,u<6Xt(1 - 77Xt+e“)vu77Xt+ey>
m

2 %
= 29T S NG — §o (D) — e (VD)

T  p=tv

2dr*
TT DA Goe (1) — ke ()T 36,(t) + kae, (DG o (D]}

2dr*

+

+

P-{=ge,(t) + [he (DT (D) + ke (t)T._ (D]} (38)

Using equation (38), and after straightforward computations, the first three terms of
the rhs of equation (24) yield

doi:10.1088/1742-5468/2015/11/P11016 12
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2dr*

D (Vi be,e, V)G (1) — 2d(f+ )7 o (1) + 2P0 XAL = Nxs o) Vil x 0
1% %

2dr* 2d

= [E + Ay(t)]gvey(t) - - pvgey(t)key(t) -

%
. ; P o (Ve (1). (39)

T

Finally, using again equation (34) to rewrite the last two terms of equation (24), we
obtain the equation verified by g, (?) for v € {£1, ..., +d}:

*

~ 2
2470, (1) = L + ADIT o (5) + 2 prl1 — ke (DIVike(t) — pall — ke (DIV.1he (D))

2dr* 2dr*
- TT PG o, (e, (1) — ——

22 1 o (DY (). (40)
1

Equations (35) and (40) then form a closed system of equations for the quantities §,.(?),
provided that the quantities ke (t) are known. Note that equations (35) and (40) are
linear in the correlation functions g.(¢), which can be written explicitly in terms of the
density profiles k,.(t).

The quantities g, (¢) can be deduced from these equations, and one can compute
the evolution of the fluctuations of the TP position using equation (21).

3.3. Stationary values

We turn to the limit ¢ - co. We assume that the quantities £,(¢) and §,.(¢) have station-
ary values, so that

lim Ak (1) = 0,
L Oy (t) (41)
tl—iglo atgr(t) = 0. (42)

The existence of these stationary values will be shown afterwards. We will use the
simplified notations:

k. = lim k.(t),

£ 00 (43)
gr = tlir?o g,(1), (44)
A, = }E}; A(1). (45)
We also define the observables:
V = lim i(X ) 4
o t— 00 dt K& ( 6)

doi:10.1088/1742-5468/2015/11/P11016 13
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1d
K = lim ——({X?) — (X;)?

lim o — (X7 = (X)) (47)
so that V and K represent respectively the velocity and the diffusion coefficient of the
TP in the stationary state. Using equation (6), the velocity V can be written in terms
of the functions k,.:

V= % [p1(1 — ke) — p1(1 — ke )] )

Similarly, using equation (21), the diffusion coefficient can be written

2
K="—[p(1 = ke) + pa(l — ke ) — ~—(p1§e, — P17 ). (49)
2dr dr

The stationary values of the density profiles &, (in particular k., and therefore the
velocity V) are obtained by solving equations (15) and (16) with 0:k,(t) = 0. Similarly,
solving equations (35) and (40) with 0,g,(t) = 0, one obtains the stationary values of
.., and the diffusion coefficient K.

Note that these stationary equations are valid in any dimension, and allow us to
compute the velocity and diffusion coefficient of the TP under the approximations pre-
sented above (equations (12) and (26)). Their solutions will be presented in the case of
a one-dimensional system in section 5.

4. Cumulant generating function

4.1. Governing equations

In the previous sections, using a decoupling approximation, we were able to deter-
mine the stationary equations satisfied by the quantities k» = (n,) and g, = (6 X1 x | ,.),
which are involved in the expression of the stationary velocity V (equation (48)) and of
the stationary diffusion coefficient K (equation (49)) of the TP. Here, we aim at calcu-
lating the higher-order cumulants of X;, defined by

1 0™U(u; t)
(1) = ————" oo,
(t) " ou lu=0 (50)
where the quantity
U(u; t) = In(e'™N) (51)

is known as the second characteristic function (or cumulant generating function) of X;.
Using the balance equation (5), we get the relation

. . At - At
(eininsn) = <e””“”)7pl<1 - nX,,+el>> ¥ <e”“t - ”Xt+el)>

N <eiu)(t [1 B %(pl(l . ,),]Xt+31) + pfl(l - nXt+61))] > (52)
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Note that this equation involves two different averages: an average over the direction
of the step taken by the TP, and an average of the realizations. Equation (52) leads to

d . ) ) . . .
(e = %(em — (L — 1 xe) + % e 17 — 1)(e" (1 -y, ), (53)

and, using the definition of ¥(u; t) from equation (51):
v 1 d

—_ = ei“Xf
dt (") dt< )
iuX; iukXj
P1, <e ' 77Xt+61> P-1, _; (e tnXt+e,1>
=—E“"-N1l-— |+ —C"" =11 - — (54)
2 )l oty ] i )[ o
We define the following correlation functions
iUXt
. € T
wp(u; t) = (eIUthXt+T) and w,(u;t)= % (55)
e t

Finally, we obtain the following evolution equation for the cumulant generating func-
tion of the TP position:

av
dt
Assuming that the quantities W, (u; t) and W, ,(u; t) reach stationary values when ¢t — oo

(their existence will be shown a posteriori), the second characteristic function has the
following asymptotic behavior:

Y(u;t) ~ P, (57)

- %«eiw ~ DL~ Te(u; )] + %(e—““ = DI = @e,(u; )] (56)

with

() = 2~ D1 = D]+ THe M~ 1 [1 - e (w]. 58)

The relation (57) indicates that all the cumulants of X; are linear in time in the long-
time limit. In particular, this implies that the nth moment of the rescaled variable

Zy = (X, — (X)) /(X% — (X;)? scales as #1772 in the long-time limit. All the moments
of Z; of order greater than 2 vanish when t— oo, and Z; is distributed according to a

Gaussian distribution at large times.

This calculation allows us to compute the full distribution of X; in the long-time
limit. Assuming that the u-dependance of W, (u) is known, we can derive from the pre-
vious equations the probability density function (PDF) P(z) = Prob[X; = z] as follows.

The quantity (gluXy — ¥ is defined by

(e"Xy = > B(z)e™, (59)

T=—00

e’ js then the Fourier transform of the PDF Py(x), which can be obtained by the
inverse Fourier transform:
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Ry = | S, (60)
T2

and, using the expression of the long-time limit of W(t) (equations (57) and (58)),

B(z) i J: du exp{ —plt(ei“" — D[l — We,(uw)] + —p_lt(e’i“" — DIl — we_(w)] — iu:r}.
=00 Y =T 2 T T
(61)

Consequently, it suffices to determine the w-dependence of W, (u; t) to obtain the PDF
of the TP position. In what follows, we establish the evolution equations for the quanti-
ties w,(u; t) starting again from the master equation (4).

4.2. Evolution equations of the quantities w,(u; t)

The evolution equation of the correlation functions w,(u;t) (defined by equation (55))
can be obtained by multiplying both sides of the master equation (4) by the quantity

Nx +7nei“X and averaging with respect to the bath configuration n and the TP position

X;. Extending the method used to derive the evolution equations of the correlation
functions g,(t) starting from the master equation (4), it is found that w,(u; t) obeys the
following exact equation (see appendix B):

247" Own(u; 1) = (Z e 6r,euvu]wr(u§ B — 2d(f+ g)wn(u; 1) + 2df (")
m

2dr* .
+ Zpﬂ<eWXt(1 - 77Xt+eﬂ)vu77Xt+r>
I
2dr* : :
+= Zijlpf(e”“’ — DN =y Do) (62)

We then make the following decoupling hypothesis:

(@Y — (NN x M xre,) = (@Y = (N x N e,

(el — (ei“Xt>)77X,,+eN><77X,,+r>7 (63)
which is valid for r = e,. This is equivalent to

(M) x4 xie,) = W5 Dkie (1) + k(D) (u; 1) — (") Ep (e, (). (64)
For r = e,, one gets

("1 x1e)) = ("M x e (65)
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= We,(u; ). (66)

This decoupling approximation is an extension of the approximations (12) and (26):
it is obtained by writing the occupation variables as ng = (ng) + 0ng, and discarding

the terms of order (§nz)% Note that expanding equation (64) at order 0 and 1 in u, we
retrieve the decoupling approximations made for the correlation functions (y X 4rX, +e#)
(equation (12)) and (5§ X;n XX e (equation (26)). Using this approximation in equa-
tion (62), and following a procedure similar to the one used to derive equations (35) and
(40) from equation (24), we obtain for r = e,,

2dr*

2d7* 0w, (u; t) = Lw,(u; t) + 2df ("X + D plke (€YY — we (u; )1V kn(t)
i

*
+ 265_7_ Z pe(eiufa — 1){wr+eg(u§ t)[l — kef(t)] + k’“‘i—eg(t)[(eiUX")keF(t) o weF(UQ t)]}
e==*1
(67)
For r = e,, the evolution equation becomes:
2d7*Owe,(u; t) = [L + A, () we,(u; t) + 2df (X
' i 2dT* .
20 D Pulkie, (™) — we (u; )]V, (1) + TT Dulke (D) — we (u; )]ke (1)
m
*
+ 2657 Y pde" — D fwe 1 o(u; D[1 — ke (t)] + ke, e (D)€Y ke (t) — we(u; )]}
e==%1
(68)

These equations are conveniently written in terms of the variable w,.(u; t) by noticing
that:

ow, 1 Owlu;t) _ we(y; t) O{e!"N)

ot (eXy ot (el Xy ot
1 ow, _ ov
= : — Wpll, t)—
g DG
— <eiXt> 8871;1* — @ t){ %(eiua — D1 — We,(u; t)] + %(e—iw — D[ — @ (u t)]}

(69)

Finally, we divide the evolution equations (67) and (68) by (el"Xr) and obtain the evolu-
tion equations for w,(u; t), for r = e,:

*
2 dr* 0,y 1) = L (us £) + 2df + 29 5" plke(£) — We (5 I Vikn)
T  n
k
+ Q(j_T Z pf(eium — D{Vaw(u; t) — kef(t)[wr+ef(u; t) — erref(t)] - 'wef(u; t)[kT‘Jref(t) — Wp(u; 1)1},
e==+1

(70)
and for r = e,:
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2d7* 0y (us t) = [L + ASt)]We,(u; ) + 2df

2dr* 2dr*
+ TT Zpﬂ[keﬂ(t) — We,(u; 1)V, ke, (1) + TT Pulke,(t) — We,(u; E)]ke, ()
I
2dr* :
+ TT 21 ple! — 1){vfﬂ7ey(u§ 1) — kef(t)[’weﬂref(u; 1) — ke,,+ef(t)] - 'wef(u; t)[kelﬁef(t) - wel,(UQ 1}

(71)

These equations can in principle be solved in the stationary limit ¢t — co, by setting
Ow(u; t) = 0 in equations (70) and (71) and obtaining the values of @,(u) satisfying
these stationary equations. In particular, this allows us to obtain the u-dependence of
the functions We, (uv) and to deduce Pyz) from equation (61). These equations are valid
in any dimension, and their solution gives the cumulant generating function and the
probability distribution function of the TP position.

This resolution will be made explicit in the case of a one-dimensional lattice in sec-
tion 6.5. We also notice that the functions @,(u; t) can be expanded in powers of u to
compute higher-order cumulants. In particular, we give in the next section the evolu-
tion equation satisfied by the third cumulant of the position of the TP.

4.3. Third-order cumulant

In this section, we study the third cumulant of the distribution of X}, which character-
izes its skewness. We use equations (70) and (71), describing the evolution of @,(u; t), to
calculate the third order cumulant. We define the coefficient v by the relation:

. 1d
Y= tlfilo g@((Xt —(Xi)%). (72)

Recalling the definition of ¥(¢) from equation (51), we get the following expansion in
powers of u:

. 2 . 3
Og)<c&-—<xaf>+-ﬁg)

In the long-time limit, and using the definitions of V (equation (46)), K (equation (49))
and 7 (equation (72)), one gets

W(t) o iu{ X)) + (X — (X)) + ... (73)

lim % =iuV+ (u)’K+ (u)y+ ... (74)

t— 00

We define the correlation function 77,(t) by the relation

(1) = ((Xe — (X)) x,1) — k(OLXP) — (XY, (75)
so that the expansion of @,(t) in powers of u is written
L2
T®) = k) + g, (1) + St (1) + O, (76)

where we used the definitions of k.(t) = (nx,,,) and g.(t) = (6 Xiénx . ,). Expanding

both sides of equation (56) up to order 3 in u in the limit ¢ - co and using equation (74),
one gets the following expression for ~:
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pio| 1l 1 1o p_1o |1 1 1
y= — [602(1 — ke) — Eage1 — Emel] - [502(1 — ke )+ 509671 — Em&l .
(77)
According to equation (76), the general evolution equations for @,(u; t) (equations

(70) and (71)) expanded at order 2 in u then give the evolution equations of n7,.(%).
We get:

o for r=e,:

*
24T, (1) = LAt (1) — 2dr

> Dl e (D kal(t)
n

2 *
T3 pol26(1 — ke()VGD) — Fo (ORI + 01— ke(DVRAD). (75

T  e==1

_|_

o forr=e¢e,

k k
2 Ot e (1) = (L + Ao (t) — 205 pite ()Vke(t) — 20 pfit (ke (D)
I
2 k
+ ‘f 2 pert2el(l = ke(0)V5. () = To(OVEe (O] + 01 = keOTheD). (79

In the stationary limit, one computes from equations (78) and (79) the quantities
Me., and then the coefficient v from equation (77). This will be made explicit in the case
of a one-dimensional lattice in section 5.3.

5. First cumulants and distribution of the TP position in one dimension

In this section, we focus on the one-dimensional version of the general model presented
in section 2.1. This situation is related to a number of lattice models of interacting
particles which have been widely studied in the mathematical and physical literature.
In particular, in the situation where the number of particles on the lattice is conserved
and where the TP is not biased, the model corresponds to the well-known single file
problem, for which several results have been derived exactly [37—44].

In what follows, we consider the equations derived in the previous section in the
particular case of a one-dimensional lattice. We first recall the solutions of the equa-
tions satisfied by the density profiles &, that were obtained in previous studies, and give
a detailed resolution of the equations verified by the correlation functions g, and @,.

5.1. Solution of the equation on £, in one dimension

The solutions of the equations verified by k, have already been presented [24], and we
recall them here for completeness. In one dimension, we adopt the simplified notation
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kr = kne, = kn. The stationary limit of the general equation verified by the density
profiles (equation (15)) is then a second order recurrence relation on the quantities k,.
Its solution has the following form:

I _{p+K+r1" for n> 0,

p+ K_ry" for n<O0, (80)
where
A A AT QT+ A2+ ) - A 1)
2 24 ,
while the amplitudes K, are given respectively by
A — A,
K, =p——,
YA A (82)
and
— A — A4
- Aifro— A (83)

We notice that ry > r1, which indicates that the density profile behind the TP decreases
more slowly than in front of it. We also note that K, > 0 and K_ < 0 which indicates
that there is a jammed region ahead of the TP, and, on the contrary, a depleted region
behind it.

One obtains a closed set of two nonlinear equations determining implicitly the
parameters A; and A_;, from which one can compute the TP stationary velocity,
related to A4y through

o
V= F(Al - A_l). (84)
Substituting equation (80) into the definition of A, (equation (18)), we find
2])1’7'* A1 - A_l
A=1+——|1—p—p—|,
1 — [ P pA—1/7“1 s (85)
2p,1’7'* Al — A_1
Aj=1+——|1—p—p——].
! T [ P pA_l — A1T2 (86)

For a given set of parameters (f, g, o, 7, 7° and p;), the numerical resolution of this
system leads to the values of A; and A_; and then, using equation (84), to the value of
the stationary velocity of the TP. This approximated value of the stationary velocity
will be compared to numerical simulations in section 6.2.

5.2. Solution of the equation on g, in one dimension

We now go one step further and determine the diffusion coefficient K. This in turn
requires the knowledge of the functions §.. For simplicity, we adopt the notations
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Gp = Jpe, = Gp- Using the expressions of k, from equation (80), the general equa-
tions satisfied by g, (equations (35) and (40)) become:
o for n>1:
A9y — G+ AG 1 — 3) — 2(f+ 93,

*

9 ~
+ La{ leJrr?(l —p—K.r — ﬂ)(7"1 -1
T o
n gfl -1 _
— p1Kyn (1 —p— Kir+ 7)(7"1 - 1)} =0, (87)
o for n< —1:
Al(gn—',-l - §7L) + A—l(gn—l - ?jn) - 2(f+ g)g;z
27 n 7;
+ Lo{ le_TQ(l —p— K.r — ﬂ)(m -1
T o
n 1), -1 _
- P1K7“2(1 —p— Ky + 7)(7"2 - 1)} =0, (88)

e §;and § ; may be computed using the boundary conditions given by equation (40):

- - 27'* 2 27'* -
MGy — | A +2(f+9) + Tpl(/) + K )|+ Tp—l(p + K r)g,

27'* 2
= —Tapl(l —p— Kyr)(p+ Kirp)

X

2 _
o (1= p = Ko = pall = p— Kory o+ Kor), (89)

_ _ 27 _9 27* .
Ag o= G| A+2(f+9)+ Tpfl(p + K )|+ Tm(p + K_137)g;

27" -1 —2
= TUP—l(l —p— K ry)p+ K.1y°)

27* _ _
+—o(p(l—p— Kir) = pal—p— Koy Mo+ K 3. (90)

The general solution of equations (87) and (88) can be written:

~ n w n
g, = ar] — —nri for n>0, 91)

and
W/
N Ayry — A_yry!

g,= pry nry for n <0, (92)
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where o and (3 are constants to be determined, and where

27 G, K g4.) -
W= I@io{ p1(1 —p—Kyri — ﬂ)(n ~1- p_1(1 —p——+ ﬂ)(n - 1)}, 93)
T o 1 o
27 i K g.) -
W= _Lo{ p1(1 —p—K.r — &)(rz -1 - p_l(l —p——+ ﬂ)(r; — 1)}. (94)
T o 71 o

Substituting equation (91) into equation (89), equation (92) into equation (90), and
writing equation (91) for n =1 and equation (92) for n = —1, we obtain a linear system
of four equations satisfied by «, , §; and g ;, which is straightforward to solve. The
explicit expressions of §; and § ; are given in appendix C. Note that they rely on the
determination of the quantities Ky and ry, ro, which are determined numerically for a
given set of parameters with the method detailed in section 5.1. Finally, for a given set
of parameters, one can deduce the values of §,, and the value of the diffusion coefficient
using equation (49). Note that this calculation also gives access to the spatial depen-
dence of the cross correlations functions g, through equations (91) and (92).

In section 6.3, we investigate the dependence of K on the different parameters of the
problem, and we compare the analytical prediction from the decoupling approximation
to results from numerical simulations. We give a first insight into the understanding
of the counter-intuitive nonmonotonic dependence of K over the density p that was
described in [31].

5.3. Solution of the equation on 717, in one dimension

We finally solve the equations satisfied by the correlation functions ni,,, from which
we will compute the coefficient ~, related to the third cumulant of the distribution,
and defined by equation (75). Starting from the general equations verified by 77, and
valid in any dimension (equations (78) and (79)), we study the one-dimensional case.
For simplicity, we write 17, = M e, = M,. The quantities 77, are the solutions of the
equations presented below:

e for r = e,, using equation (78), one gets:

A1 — M) + Ay(Mp—1 — 11) — 2(f+ ¢)Mi, = S(n) (95)

where S(n) can be expressed explicitly in terms of the functions &, and g,, deter-
mined respectively in sections 5.1 and 5.2. For n > 0, we write S(n) under the
following form:

S(n) = (Cf + nCy)ri. (96)

The explicit expressions of C| and C5 are given in appendix D. Consequently, the
solution of equation (95) reads:

My = Dl + (ayn® + byn)ry, (97)
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with
S S ¢ 98
" 2 AlT’l — A_l'l’l_l, ( )
by = —— (€ — au(Air + A, 99)
A17”1 — A,1TI
For n < 0, a similar resolution leads to:
M = 615 + (a_n® + b_n)ry, (100)
with
Lol G
- 2 Al’l“g - 14_17'517 (101)
= L [C] — a_(Ara+ A 73] (102)
_ Alrg _ A_lrgl 1 —\Aa172 —172 )
and where the explicit expressions of C; and Cy are given in appendix D.
e for r = e;, we obtain from equation (79):
~ o~ 27% 2%
0= Aty — mg| A1 +2(f+ g) + Tple + Tp—lmflkl + o1, (103)
with
2d7'* ~ ~ ~ 2
=P {20 (g, — g — k1) — Gi(k2 — k)] + o°(k2 — k(1 — k1))
20373‘< ~ ~ 2
+ pi{—20[-g1(1 — k) + g k1]l — ok1(1 — k-1)}. (104)

e for r = e_; we obtain from equation (79):

E

~ ~ 27* 2%
0=A 1M o—m | A +2(f+9) + Tp—lk—2 + Tplmlk—l +¢1, (105)

with
2 *
o1 =20 (=200-g (1 — k) + ik 1] — 0%l — k)
2dr* ~ _ ~ 2
+ 20 (2010 — 00— B = Gk — o) + 0%(bs — b1 = k).

(106)
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Writing equation (97) for n = 1, equation (100) for n = —1, and considering the bound-
ary conditions given by equations (103) and (105), one obtains a linear system of four
equations with unknowns m, mi_q, I' and 6:

r. 0 Mz My

} o[
0 Ty Moz Moy || 6 Y,
Airy 0 Mzz May || ™ Y3

0 Ay My My N1 Yy

where the expressions of the quantities M;; and Y are given in appendix D. Finally:

~ 1
my = ———[(Mua Moy — Myo Mos)(My1 Yz + M3 Y1)
det M
+ (M3g My — M3y Myg)(Ma2 Yo + Moo Yy)], (108)
~ 1
m_1 = ————[(MazMay — Myo Mo3)(M;1 Y5 + M3z Y))
det M
+ (Mzs My — MyzsMz1)(Myo Yo + Moo Yy)]. (109)

The procedure to compute the coefficient v for a given set of parameters is the fol-
lowing. With the method presented in section 5.1, one can compute numerically the
quantities K, r, r» and k41 for a given set of parameters. Using the analytical expres-
sions of §,;, @ and [ in terms of these quantities given in appendix C, one computes
m+1 with equations (108) and (109). The coefficient v is deduced from its definition (77).

5.4. Solution of the equations on W, in one dimension

We now turn to the resolution of the equations satisfied by the correlation functions @,
in the specific case of a 1D lattice and in the stationary limit.

Starting from equations (70) and (71) and assuming that there exist nontrivial sta-
tionary solutions, one gets the following equations satisfied by @, = Wpe,:

B W11 — By + B3y, —1 = —(ByK 17 + Bs) for n>1 (110)
B1Wy11 — Bty + Bswy—1 = —(C4K_15 + Bs) for n<—1 (111)
DyWy — Doy + D31+ Dy + Dsw> + Dgmiw; =0 for n=1 (112)
E1W, — By + Es@io+ Ey+ Dew”> | + Dy, =0 for n= —1 (113)

where the expressions of the different coefficients B;, C;, D;, F; are given in appendix E.
Equations (110) and (111) are associated with the characteristic equation

B X? — BoX+ B3 =0, (114)

which has the solutions
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By+t+/ B3 — 4B, Bs a15)

2B,

Q1,2 =

An expansion in powers of u shows that
g1 =71+ O(u) and gs = ry + O(w). (116)

At order zero in u, equations (110) and (111) are equivalent to the stationary limit of
equations (15) and (16), so that their solutions must coincide at this order. Consequently,
the general solution of equation (110) is of the form

Wy = oy qy (117)
The particular solution of equation (110) is easily calculated, and for n > 0, we find
Wy = yq) — Beks — 71— b : (118)
Biry — By + Bsr] By — By + Bs

With similar arguments, we find for n < 0
CiK_ o Bs
Biry — By + Bsry* > Bi—By+ B

Wy = gy = (119)
Finally, writing equation (118) (resp. equation (119)) for n=1 (resp. n= —1) and
using equations (112) and (113), we find the following nonlinear system of four equa-
tions whose unknowns are w;, W_1, a; and «a_:

-

_ B.K. B
Wy = &4 q1 — 71—
Biry — By + Bsry By — By + Bs
~ -1 CyK_ -1 Bs
Biro — By + Bsry By — By + Bs
Dy ay q2 . B4K+ T2 N B5
) Y Bt — Byt Byt ' Bi— By+ Bs (120)

— Dy@y 4+ D3y + Dy + D5t 4+ Do @i =0

CiK_ 9 By
Birs— By+ Bary' © Bi— Bat BJ
+Ey+ Dgw* | + Dswyw, = 0.

Eiwy — By + Ej3 [Oé—(IEQ -

The numerical resolution of this system of equations for specific values of u allows us to
calculate w; and @_; as functions of u, and to deduce the stationary cumulant generat-
ing function ¥ as a function of u. Using equation (61), one can calculate the probability
distribution Py«(z), valid in the asymptotic regime t — oo.

In the next section, we analyze the solutions obtained for the velocity V, the
diffusion coefficient K and the coefficient v to study their dependence on the different
parameters of the problem. These results, which were obtained using our decoupling
approximation, are compared with numerical simulations which exactly sample the
master equation (4).
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6. One-dimensional lattice: results and discussion

6.1. Algorithm and numerical methods

In order to verify the accuracy of the approximation involved in the computation of
the cumulants of the TP position, we perform numerical simulations. We use a kinetic
Monte Carlo (or Gillespie) algorithm [45, 46] in order to get an exact sampling of the
master equation (4) describing the dynamics of the system. The details of the numerical
methods are given in appendix F.

6.2. Velocity

For completeness, we present results for the velocity of the TP, which had already been
presented in [24]. We study here the terminal velocity reached by the TP as a function
of the density p, for different values of the bias. As p is in fact fixed by the values of f
and g, we decide to vary f for different values of g in order to explore the whole range
of parameters. Results are presented in figure 2. As expected, the velocity of the TP is
a decreasing function of the bath density. We also compare the result from our decou-
pling approximation to the trivial mean-field solution (dashed line).

The discrepancy between the results from numerical simulations, which correspond
to an exact sampling of the master equation (4), and the solution obtained using the
decoupling approximation (12) is very small, and the agreement is particularly good
close to p = 0 and p = 1. The decoupling approximation is then very accurate for the
estimation of the velocity of the TP.

6.3. Diffusion coefficient

6.3.1. Results. In a similar way, we study the diffusion coefficient as a function of
the density p, for different values of p; and g. We compare the analytical predictions
to results from numerical simulations in figure 3. The dependence of the diffusion
coefficient on the density of particles was first investigated in [31]. In the simulations
results presented in that publication, the numerical errors were underestimated, and we
present here refined results.

The analytical predictions as well as the numerical simulations reveal the existence
of a striking effect: the diffusion coefficient can be a nonmonotonic function of the
density of bath particles. Counter-intuitively, increasing the density of particles sur-
rounding the TP may increase the TP diffusion coefficient in some range of parameters.
This result is surprising, since one naturally expects that the diffusion coefficient will
be maximal when there are no hardcore bath particles (i.e. when p = 0). Consequently,
this means that the diffusion of the TP may be enhanced by the presence of bath par-
ticles on the lattice. Moreover, we observe that for given values of p; and ¢, this extre-
mum of the function K(p) may appear if the bias p; — p_; is large enough. This effect
could be investigated in experimental situations (e.g. in microrheology) and could have
interesting applications.

The discrepancy between the results from numerical simulations, which correspond
to an exact sampling of the master equation (4), and the solution obtained using the
decoupling approximations (equations (12) and (26)) is small, except in the domain
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Figure 2. Stationary velocity V of the TP as a function of the density for different
values of the desorption rate g obtained from numerical simulations (symbols) and
from the decoupling approximation (lines). The bias is p; — p_1 = 0.96 (top) and
p1 — p_1 = 0.6 (bottom), the waiting times are 7 = 7% = 1. The dashed line is the

trivial mean-field solution V = %( p1 — p-)(1 — p).

0.05 < p < 0.15. However, the approximate solution still gives a good qualitative descrip-
tion of the evolution of K. The agreement is particularly good close to p = 0 and p = 1.

In what follows, we find the criterion on the parameters g and p; allowing the emer-
gence of a maximum for K(p). In addition, we show that the nonmonotonicity of the
diffusion coefficient is actually correlated to the nonmonotonicity of the cross correla-
tion functions g, in the domain n < 0 (i.e. behind the TP).

6.3.2. Criterion for the existence of a maximum value of K. In this section, we deter-
mine an explicit criterion for the existence of this maximum. This is equivalent to
determining the parameters for which K(p) has a positive derivative at the origin. We
will then solve the equation:

dK

a3, =0 (121)

If ¢ is fixed, as the density p is related to fand ¢ through p = f/(f+ g), this is equiva-
lent to considering K as a function of fand solving
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Figure 3. Stationary diffusion coefficient K of the TP as a function of the density
for different values of the desorption rate g obtained from numerical simulations
(symbols) and from the decoupling approximation (lines). The biasis p; — p_1 = 0.96
(top) and p; — p_; = 0.6 (bottom), the waiting times are 7 = 7* = 1. The dashed

line is the trivial mean-field solution K = ;—j(l — p).

dK

o |;=0="0. (122)

In what follows, we obtain the leading order term of K in an expansion in powers
of f, the other parameters being constant. For simplicity, we introduce the quanti-
ties 7/=7*/7 and § = p; — p_1. Assuming that the quantities Ay have the following
expansions

Auy = AD+ AL+ O, (123)

and using equations (85) and (86), we obtain
e
@ 1+7'(1+06)

Au 2 1+Q£8 = (6272 + g1 + 7) £ 8872 4 2+ 29(1 + 7))+ O(F).

(124)
We can deduce from the expansions of A the expansions of Ky, r and r using equa-
tions (81)—(83). We then obtain the expansions of k4; and §,; in powers of f using the
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results from sections 5.1 and 5.2, and finally an expansion of K with equation (49).
These general expressions are too lengthy to be reproduced here, but we give them in
the case 7/ = 1, which is the case we considered in our simulations:

02 N(ga 6) 2
= — |14+ =L
/=0 27 [ i D(g, 6)fJr o )] (125)
where
N(g,6) = 2[(6% — 4)¢® + (36% — 16)¢> + 6%(36* — 582 + 4)g + 6%(6* — 362 + 4)]
—J82 + g% 4 4g [2(6* — 4)(6% — 3)g® + 6% — 6 + 4)g + 464(6% — 2)], (126)
D(g,6) = 2(6 — 2)%(6 + X6 + ¢> + 49)g°. (127)

For any value of 6 and g, D(g,) > 0. For a given value of the bias 4, the critical value
of g (denoted by g.) allowing K to reach a maximal value is then the solution of the
equation:

N(g.,6) =0, (128)

which can be determined numerically. We present the numerical solutions of equa-
tion (128) in figure 4 (curves in blue). On this figure, we also give the solutions obtained
for other values of 7/. We conclude that, for a fixed value of the bias, K is nonmonotonic
if the desorption rate g is large enough (or, for a fixed value of the desorption rate, if
the bias is large enough).

6.3.3. Influence of the cross correlations functions on the nonmonotonicity. We now
alm to give a first insight into a better understanding of the nonmonotonicity of the
diffusion coefficient. We first notice that the diffusion coefficient K (equation (49)) may
be separated into three contributions:

K = Ky + K + K, (129)
with

o2

RKyr = 7(1 - p), (130)
o2

K = —7[p1(/€1 —p)+ p_1(k_1 — p)], (131)
20 . ~

Ky = _7(17191 — P-19_1)- (132)

The first term is the trivial mean-field approximation of the problem, obtained by
taking the average local densities k, equal to p and the cross correlation functions

g, = (6Xi6n X ) equal to zero. K; may be seen as a contribution from the inhomoge-

neous density profiles, and Kj a contribution from the cross correlations g, ;. For a given
set of parameters which gives rise to a nonmonotonic behavior (p; = 0.98 and g = 0.15),
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we plot in figure 5 K as well as the three contributions. The origin of the nonmonoto-
nicity of K with respect to the density p can then be attributed to K.

The cross correlation functions g, have nontrivial behaviors with respect to the
distance n to the TP. In particular, they appear to have a nonmonotonous behavior in
the domain n < 0, i.e. behind the TP, for some values of the parameters. In figure 6,
we plot the functions g, for different values of the density p, for two sets of parameters:
one for which the diffusion K is known to be a nonmonotonic function of the density
(p1 = 0.98 and ¢g=0.2), and one for which it is monotonic (p; = 0.98 and g = 0.6). In
figure 7, we plot the functions g, for different values of the desorption parameter g, for
p = 0.01, for p; = 0.98. The nonmonotonicity of g, with the distance to the TP then
seems to be correlated with that of K with the density, as it occurs for small enough g¢.

In order to get a more quantitative comparison of these two effects (the nonmonoto-
nicity of K with respect to the density p and that of §, with respect to the distance to
the TP n in the domain n < 0), we first determine, for a fixed value of the bias p; — p_1,
and at leading order in f, the critical value of ¢/ giving a nonmonotonic behavior for g,
i.e. for which §_; > g_,.

Using the small f expansion of Ay; (equation (124)), we easily deduce from the
definitions of §, in the domain n < 0 (equation (92)) an expression for § ; — §_, at lead-
ing order in f. The general expression is too lengthy to be given here. We present it in
the particular case where 7/ = 1:

N'(g, 6
91— G o 20}‘% + O(f? (133)
with
N'(g,6) = (6 — 9L + 6)g* — 2(6% — 26 — 2)g+ 6*(5 — 1)]

— 2+ >+ 49[(1+8)g> — B+ 2)(6 — D)g+ X6 —1)], (134)

D'(g,6) = 2g 6%+ ¢> + 49{[292 + 6+ 4 g+ 66+ 2)]J6%+ g> + 49
+2¢° + 206+ 4)g> + 206+ 2)(6 + 1)g+ 6*(6 + 2)}. (135)

Then, for a fixed value of the bias 0, the critical value of g canceling § ; — §_, is the
solution of the equation

N'(g.,6) = 0. (136)

The numerical solutions for g/ as a function of §, for different values of the ratio 7/ are
represented in figure 4 and compared to the values g, obtained by the criterion on K.
The two functions g, and gfs are comparable as long as 7’ is not too large. We also show
that their expansions for 6 — 0 are identical at leading order, and that they go to zero

as (\/17 + 1)62/8.
This study indicates that the emergence of a maximal value for K(p) for p >0 is

correlated to the observation of a minimal value in the cross correlation functions g, in
the domain n < 0.
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Figure 4. Critical value of the desorption rate g. as a function of ¢, for different
values of the ratio 7/ = 7 /7, with 0 = 1 and 7 = 1 obtained by the study of the
behavior of K at p— 0 (curves in blue). The region below the curves correspond
to the range of parameters where K(p) is nonmonotonic. The critical value of the
desorption rate gé for which the cross correlations § have the property g ;> g,
is represented in green. The region below the curves correspond to the range of
parameters where §_; > g _,.
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Figure 5. Contributions in the expressions of K as a function of the density, for
the parameters p; = 0.98 and g = 0.15.

In appendix G, for given values of the jump probability p; and of the desorption
parameter g, we study the range of densities [0, g] for which the diffusion coefficient
is greater than 1/2, which is its value when there is no bath particle. We also deter-
mine the range of densities [0, p’] for which § ; — § 4 <0. The range of parameters for
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Figure 6. Cross correlation functions § as a function of the distance to the tracer
n for g = 0.2 (left) and g = 0.6 (right), and for different values of the density p. In
both cases, p; = 0.98.
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Figure 7. Cross correlation functions § as a function of the distance to the tracer
n for p = 0.01, p; = 0.98, and for different values of the desorption parameter g.

which K > 1/2 is then shown to be correlated to the range of parameters for which
g1—3<0.

These two studies (from section 6.3.3 and appendix G) show that the nonmonoto-
nicity of the diffusion coefficient with respect to the density (emergence of a maximum
value of K for p>0) and the nonmonotonicity of the cross correlation function g,
behind the TP are correlated. A more detailed study of the cross correlation functions
g,, whose behavior affects the fluctuations of the TP position, could allow us to have a
more physical understanding of the phenomenon highlighted in this section.

6.4. Third cumulant

The third cumulant of the distribution of X; gives information about its asymmetry.
We introduced earlier the coefficient v, defined by

o 1d
y= tlggo E&((Xt — (X)) (137)
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With this definition, if v>0 (resp. v<0), the distribution of X; is expected to be
skewed to the right (resp. to the left). Let us recall the situation of a biased random
walker on a lattice in the absence of exclusion interactions. If the particle is more
likely to jump to the right (p; > p_1), its third cumulant will be positive, indicating
a distribution skewed to the right. Here, we study the influence of the presence of
bath particles and of the different parameters of our model on the sign of the third
cumulant of X,

We use the solutions for m41 (equations (108) and (109)) obtained from the decou-
pling approximation in order to compute the coefficient v from its definition (equation
(77)). For two values of the bias (p; = 0.98 and 0.8), we study the coefficient v as a
function of the density p, for different values of the desorption rate g. The solutions
of the equations obtained from the decoupling approximation are compared to results
from numerical simulations. The curves are presented in figure 8. For high values of
the desorption rate, y(p) is monotonic and decreases when the density of bath par-
ticles increases. However, for small values of the desorption rate, the function becomes
nonmonotonic, and one observes the emergence of a minimum and a maximum value,
different from the trivial extrema at p = 0 and p = 1. Finally, if ¢ is small enough, there
exists an interval of density for which v becomes negative, which means that the dis-
tribution of X; may actually be negatively skewed, the opposite to the situation where
there is no bath particles on the lattice.

Comparing these predictions with results from numerical simulations, we show that
the decoupling approximation offers a good prediction of the behavior of the third
cumulant of the TP position in a wide range of parameters.

6.5. Cumulant generating function and propagator

For a given set of parameters, we solve the system of equations which determines w.;
implicitly (equation (120)), and we obtain the numerical values of Wy (u) for u vary-
ing in [—7, w]. We represent the real and imaginary parts of wi,(u) as functions of v in
figure 9. The PDF Py(z) in the long-time limit is obtained from equation (61).

We compare the results from this calculation with data obtained from Monte Carlo
simulations for a given set of parameters (see figure 10). We observe a good agreement
between the analytical prediction obtained from the decoupling approximation and the
results from numerical simulations. We see that the prediction from the decoupling
approximation tends to be shifted to the right for large times: this is expected from
the analysis of the velocity of the TP, which was shown to be overestimated by the
approximation (figure 2).

As emphasized in section 4.1, the rescaled variable Z; = (X; — (X3))//Var(Xy is
expected to be distributed according to a Gaussian distribution in the long-time limit.
We plot in figure 11 the distribution P defined by

P(z) = Prob[Z; = 2], (138)
and compare it with the normal distribution e /2 /~2m. At sufficiently long times, the
distribution of the random variable Z; converges to the normal distribution of mean

zero and unit variance. The rescaled position of the TP is then asymptotically Gaussian
in the long-time limit.
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Figure 8. Coefficient v defined in equation (137) as a function of the density
for different values of the desorption rate ¢ obtained from the decoupling
approximation. The bias is p; — p_1 = 0.96 (top) and p; — p_1 = 0.6 (bottom). The
waiting times are 7 = 7 = 1. The dashed lines are the trivial mean-field solutions:

Z(pr—p)(L = p).
7. Conclusion

We studied the diffusion of a biased tracer particle (TP) in a hardcore lattice gas in
contact with a reservoir of particles. From the general master equation of the prob-
lem, we gave a detailed derivation of the equation satisfied by the fluctuations of the
position of the TP and presented in a previous publication. This equation involves the
density profiles around the TP and cross correlation functions, whose evolution equa-
tions are obtained in a closed form by resorting to mean-field type approximation.

Going one step further, we extended this approximation to higher-order correla-
tion functions in order to obtain the evolution equation verified by the cumulant gen-
erating function of the TP position. This equation then yields the entire probability
distribution of the TP on a lattice of arbitrary dimension. We also obtained the equa-
tion satisfied by the third cumulant of the distribution, which gives information about
its asymmetry.

We then solved these equations in the particular case of a one-dimensional lattice.
We recall the result from [31]: the diffusion coeflicient of the TP is a nonmonotonic
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Figure 9. Real and imaginary parts of the generalized correlation functions
W41(u), obtained from the resolution of the system (120), for the parameters

p=09 ¢g=015p =098, 7=7 =0=1.
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Figure 10. Probability distribution function of the TP position P(z) = Prob[X; = z],
for different times. The results from numerical simulations (symbols) are compared
to the expression (61), the functions @ 1() being numerically computed as solutions
of the system (120). The parameters are g = 0.15, p; = 0.98, p = 0.9.

function of the density of bath particles. Counter-intuitively, it reaches a maximum
value for a nonzero value of the density. Thus, the presence of bath particles on the
lattice may actually enhance its diffusion coefficient. Here, we showed that this effect
is related to an anomaly in the behavior of bath-tracer cross correlation functions, that
are nonmonotonic functions of the distance to the TP. Another surprising observation
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Figure 11. Probability distribution of the rescaled variable
Zy=(X;— (Xp))/Var(Xy) at different times, obtained with the following
parameters: p = 0.1, ¢=0.15, p; =0.98, 7=7* =0 = 1. The black line is the
normal distribution exp(—z2/2)/~/27.

arises from analyzing the third cumulant of the TP position, which was shown to be
nonmonotonic and to take negative values in a wide range of parameters. These ana-
lytical predictions were compared with exact numerical samplings of the master equa-
tion, which indicate that the approximation we used is accurate in a wide range of
parameters.

We finally solved the equation satisfied by the cumulant generating function,
deduced the probability distribution and showed that the position of the TP rescaled
by its fluctuations is Gaussian-distributed in the long-time limit.

The equations presented in this paper are very general and allow us to compute the
cumulants of the TP position and therefore its distribution under a mean-field-type
approximation which was shown to be accurate in a broad range of parameters. These
equations are valid for lattices of arbitrary dimension. We leave to future work the
study of their solutions on higher-dimensional lattices. It could be interesting to see
if the results obtained on the one-dimensional lattice—enhanced diffusion coefficient,
nonmonotonic and negative third cumulant, convergence of the rescaled distribution to
a Gaussian distribution—can be extended to lattices of higher dimension, or observed
in experimental systems.
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Appendix A. Evolution equations of (X;?)

In this appendix, we give an explicit derivation of equation (19), which governs the
evolution of the second moment of X;. We multiply the master equation (4) by (X - e;)?

doi:10.1088/1742-5468/2015/11/P11016 36


http://dx.doi.org/10.1088/1742-5468/2015/11/P11016

Distribution of the position of a driven tracer in a hardcore lattice gas

and average over all the bath configurations 7 and all the positions of the TP X. We
consider separately each term of the master equation:

e the left-hand side term of (4) gives the contribution:

CL = 2 X - e)2d7*0,P(X,13; 1) (A1)
X,n
= 2dr*6’{;(X -e1)’P(X, n; t)) (A.2)
)1
. * d<Xt2>
= 2dr* =2 (A-3)

e the first term of the right-hand side yields

Z(X 61)22 d. [PX, by — P(X, ;)] (A.4)

p=lr=X-e, X

—~ Z(X e’ Z o 2IPX, s t) — POX, )] (A.5)

p=lr=X-e,, X n

Recalling that n™* a configuration obtained from 7 by exchanging the occupation
variables of two neighboring sites r and r + e,, we obtain

; P(X, "t 1) = %3 P(X,n; 1), (A.6)

and we conclude that C; = 0.

e the second term of the right-hand side of equation (4) gives the contribution:

*
o, = 247 > [Z(X- e’ (1 — nx)P(X — ey, 7; 1)

T X,
~ X (= iy ) PG t)] (A7)
N

We consider for instance the term corresponding to = 1, and consider the first sum
over X and 7, in which we make the change of variable X « X + e;:

;n(x -e’(1 — nx) P(X — e1,1; 1) (A.8)
— %(X ce1+ 0P(1 — Ny, o )P(X, 75 1) (A.9)
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— ;[(X ce1)’ + 02+ 20(X - e)](d — nx o )P(X, 1; 1). (A.10)

Finally, we get

D (X e’ (L — ) P(X — €5 1) — D (X - €)1 — nxy o )P(X, 735 1)
X X ) (A.11)

= 02D (1 — Nx o) P(X, 05 1) + 20 D (X - e)(1 — nxy o )P(X, 75 ). (A.12)
X,n Xn

Following the same procedure for the term p = —1 and noticing that the terms
obtained for u= £2,...,+d in (A.7) cancel, we finally get

k
Co = 27 (o1 ke (0) + 20((X) — go (D)
+palo®(1 = ke (1) = 20((X3) — go_ (D]}, (A.13)

where we define

9,(1) = (X x, ) (A.14)

e the third term of the right-hand side of equation (4) yields

Cs = 2dg D (X - e)* D [(1 — n,)P(X, 0" t) — 1, P(X, ;)] (A.15)
X777 r=X

— 2dgY (X - e)? D D2 [(1 — n,)P(X,7"5 1) — 0, P(X, 75 1)] . (A.16)
X r=X 7

Recalling that 7" is the configuration obtained from n with the change n,, <1 —7,,
we have the following equality

%)(1 ) P(X, 67 t) = Zn:mP(X 5 6, (A.17)

which yields C5 = 0.

e for the same reason, the fourth term will have a zero contribution after multi-
plying by (X - e;)? and averaging over X and 1.

Finally, bringing together the different contributions originating from the different

terms of equation (4), we obtain

2dr*

207 L 07) = 207 o0 k1) + 2000 — g, )

+ p-alo(1 — ke (1) — 20((X;) — g (D]}, (A.18)

doi:10.1088/1742-5468/2015/11/P11016 38


http://dx.doi.org/10.1088/1742-5468/2015/11/P11016

Distribution of the position of a driven tracer in a hardcore lattice gas

which is equivalent to equation (19):

d 2
X = 7"{p1[<Xt> — 9o (D] — p[(X) — g (D]

2
+ “7{ pill = ke (D] + poall — ke (D]} (A.19)

Appendix B. Evolution equations of g, and w;

In this appendix, we start from the master equation (4) in order to derive the evolution

equations satisfied by g (1) = ((X; — (Xi))n x.,,) (equation (24)) and w,(u; t) = (el"Xin Xoir)
(equation (62)). The derivations of these two evolution equations are similar, and we
will present a general method to derive the evolution equation of the following correla-
tion function:

E = (FXonx.,,) = ; FXmx »PX,7; 1), B.1)
)7

where F is a generic function of the TP position. The equations satisfied by g, and @, will
be obtained by taking F(X) = X — (X,) and F(X) = "X respectively. Parenthetically,
with this method, one retrieves the equation satisfied by k,.(t) (equation (8)) by taking
FX)=1

We multiply the master equation (4) by FHX)nx,, and average over all the bath
configurations 7 and all the positions of the TP X. We consider separately each term
of the master equation:

e the left-hand side term of (4) gives the contribution:

CL = 2o FX )y, 2d7*0,P(X, 1; 1) (B.2)
X,n .

— 2d7’*;7.7:(X)77X_,_1.3tP(X> 7; 1) (B.3)

= gnxﬂ [O(FCX)P(X, m; £) — P(X, 15 )OF(X)] B.4)

In the two cases we will consider, we note that 0, F(X) is independent of X and
7, so that we obtain

Cr = 2d7*0; [; F(Xnx - P(X,n; t)] — 2d7*0FH(X) ; Nx+rP(X,; ;1) (B.5)
57T )7
= 2470, f(t) — 2d7*k(t)0F(X) (B.6)
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where we defined fNr in equation (B.1). We consider separately the two different
possible expressions of F:

~ if AX) = X— (X)), then

d{X;
oF(x) = — LX) (B.7)
dt
and, using equation (6), we obtain
Gi. = 2d7*0,(1) + 247~ (pi[1 = ke ()] = pall = ke (D]} n(). (B.8)

— if AX) = e, then 0,/(X) = 0, and we have the following expression of Ci:
Ct, = 2dT* 0y, (t). (B.9)

e the first term of the right-hand side of the master equation becomes

ZF(X)Z Do Dy, [PCX, 07 ) — P(X, ;5 0)]. (B.10)

pu=lr'=X—e, X 7

With an appropriate change of variable in the sum over 7, we obtain

an+TP(X’ ,'77"7,“‘; t) — 2(177‘/7M)X+TP(X, 77, t), (B].].)
n n

so that (] is written

B.12
= 2 AX) SEDEDS (™) — ) PO, 75 1). (B.12)
pu=lr'=X—-e, X 7
We consider the sum over 7’
> L0 % — xs,]
r'=X—-e, X
= Z (" x4 = Nxc ) = LX)k = ] = [0 )x — Tix g - (B.13)

Recalling that n™# is a configuration obtained from 7 by exchanging the occupa-
tion variables of two neighboring sites r and r + e,, we obtain the general relation

Ny ifr'=xz,x—e,

"My = e—e, T =2 — €, (B.14)
77m+eu if TI = .

We then consider separately the two cases:

doi:10.1088/1742-5468/2015/11/P11016 40


http://dx.doi.org/10.1088/1742-5468/2015/11/P11016

Distribution of the position of a driven tracer in a hardcore lattice gas

- ifr=e, ve{£l,...,£d}), using equations (B.13) and (B.14), we obtain

DO (/) v = Nxard = Vilixor + Voilix s
v X, X X X WX+ WX+ (B.15)

where the operator V, was defined in the main text (equation (9)). We finally obtain

d
Ci = XZ FX) Zlmmm + Vo ) PX, 15 1) (B.16)
y7T] n=
= 2 (FX)Vinx ) (B.17)
I
= 2V, (B.18)
)%
where the sum over p runs over {+1, ..., £d}.

— if r = e,, using again equations (B.13) and (B.14), we obtain

d
Z Z [(nT/’M)X-FeV —Nxiel= Z Vilx e, = V=llx te, (B.19)
p=1lr'=X—e, X m

Then, C; becomes

G = («/’T(X)(Z V,u - V—V)nx+e,,> (B.20)
w
= ;v,f () = Vo o (1) (B.21)
Finally, for any value of r, equations (B.18) and (B.21) are recast under the
equation
G = (Z Vi — 6r,euvu)f;(t)- (B.22)
o

e we then study the second term of the right-hand-side of the master equation (4),
which yields the contribution

2dr*

Cy = >0 2 pF Xy,
T Xnop
X [(1 =) P(X — ey, n; 1) — (1 = 1x, o )JP(X, 15 1)] (B.23)
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*

T Xn p

= 22 pF X (1 — x4 o )P(X, 7 t)} (B.24)

Xn p

With the change of variable X « X + e, in the first sum, and recalling that
X = X + e, we obtain

2d7*
02 = - {){Z Zpﬂf‘(X—l— o€, el)nX+T+eu(]‘ - nXJreu)P(X: ;5 t)
R/

= XZ 2 F X g (1= nx o )PX, t)}. (B.25)
1 1

From this relation, we consider separately the different expressions of F:
— in the situation where F(X) = X — (X;), we obtain

2dr*
Cy = - {Z pr(X+ oe,- e — (Xv)f))nXJrrJre“(l - nX+8u)P(X’ U
Xn p

- ; 2 P X — (X)nx (L — nx o )PX,m; t)} (B.26)
R/

2dr*
= TT {XZ 2 X = (X)L = x4 )PX, 775 1)
B/

‘f‘o'; Zpu(eu : el)nX—&-r—&-eﬂ(]- - nX+e,)P(X’ 5 t)} (B27)
Y/

As e, - e is equal to +1 for = %1 and 0 otherwise, we finally obtain

2d7r*
Cr = == (K= (XN = 1) Vxer)
L

2dr*
+ O-[ p1<(1 - nXt—&-el)nXt—&-r—&-el) - p71<(1 - nXH—e,l)nXH-T—Fe,l)]' (B28)
— in the situation where F(X) = "X, we obtain
2d7* X
Cy = {Z Zp,LeI“Xel“”(e“'el)nx+7»+eh(1 — T]X—i—eu)P(Xa ;1)
T X op
- Z Zpu,eiUXnX—&-r(l - nX—O—eﬂ)P(X’ 77; t)} (B29)
Xn p
42
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2d7’
Z Zp eluX(l o nX+e ) [ iuo(e,- 81)77X+r+eﬂ nX+'r] P(X n; t)
T Xmnp
2d7’
D2 pe (L — Nx +e,) Villx 4P (X, 75 1)
T Xn p
2d7’
T ; Zpue”iX(l X +te, )(etienen — 1)77X+r+eLP(X 7; 1)-
R/

As e, - e; is equal to 1 for p= £1 and 0 otherwise, we finally obtain

2dr* .
G== Z Pk (L = N x 0 )Vitr)

2d7’ i
Zil elueo _ 1)<e1“Xt(1 - 7]Xt+e)77Xt+r+ef>'
[

e the third term yields the contribution Cs:

Cs = 2ng2 FXONx17 Z [(1 — n,)P(X, 7" t) — 0 P(X,n; )]
i

= 2dg§ ZXf(X)Zm [ )x 7 — T1x 1] PCX, 5 8),

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

where we used again equation (B.11). By the definition of %" (configuration

obtained from 7 with the change 1, <1 — n,.,), we write

(ﬁr/) L if & =7/,
o ll-n, fe=r.

The expression for C3 becomes

Cy = 2dg; FX) Dyl = 205, ) PX, 755 1),
n

As nx,,€{0,1}, then (nx_,)* = nx.,, and we finally obtain

Cs = —2dgf(t)

(B.35)

(B.36)

(B.37)

e the computation of the contribution Cj of the fourth term of the master equa-

tion is similar to that of (5, and we obtain

Cy = 2df§ FXO) D21 — gy ) = 205, JPX, 15 ).
n
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Using again (nx +,,)2 = Nx 4, We obtain

A =nx A —2nx,,) =1—nx 4, (B.39)
and, finally,
Cy = 2df{{F(X)) — [ (D)} (B.40)

Note that when F(X) = X — (X;), then (F(Xp)) = 0.
Finally, writing from the master equation (4) we obtain the relation

=0+ C+ G+ G (B.41)
and we obtain the evolution equations satisfied by §.(¢) and @w,(?):

e using (B.8), (B.22), (B.28), (B.37) and (B.40), we get
2d79,,(t) = DV — 87,6, V. DF(1) — 2d(f+ 9)G(D)
I

2dr*
+= 2 PO XL = nx s o) Vil x 1)
0
2dr*
+ U[ p1<(1 - nXt+€1)77Xt+T+€1> - p71<(1 - /r’XtJrCfl)nXt""’""'e—l)]
__2dT*

U{ pl[l - kel(t)] - p—l[l - ke,l(t)]}kr(t) (B.42)

which is equivalent to equation (24) presented in the main text.

e using (B.9), (B.22), (B.32), (B.37) and (B.40), we get

2d7*Opwp(u; t) = (Z V. — 6T,eﬂv_u)wT(u; t) — 2d(f+ @)wn(u; t) + 2df(e"Xr)
m

2dr* .
+5 2 P = 0y o) Vil x )
}L
2dr* . .
+= 22 pde e — 1)1 — 0y y Ixpre) (B.43)
e==+1

which is equivalent to equation (62), presented in the main text.

Appendix C. Explicit expressions of g; and g_; in one dimension
In this appendix, we solve the linear system of four equations satisfied by «, 3, §;

and §_;, obtained by substituting equation (91) into equation (89), equation (92) into
equation (90), and writing equation (91) for n =1 and equation (92) for n = —1. From
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equation (91) written with n = 1, and using the definition of W from equation (93), we
obtain the following expression of « in terms of g, and §_;:

a= %0 i = 7+ L3 C.1
Airy — A—1/7’1 1 Ay — A—1/7’1 ! Airy — A—1/7’1 v €D
where the coefficients gy and a4, are defined by

*

ap = K+2%U[p1(l —p— Kyr)(ri—1) — 101(1 —pP— l:_)(rll - 1)] (C.2)
1

27
a = —TP1K+(T‘1 -1 (C.3)
27* _
a1 = ———paki(r = D). (C.4)
Similarly, from equation (92) written with n = —1, and using the definition of W’ from
equation (94), we obtain the following expression of 3 in terms of §; and g ;:
bo bl ~ b_l ~
B = - g+ (TQ - 9-1, C.5
Airs— Aty Airs— Ay/ry Arrs— Ay/rs |7 (€5)

where the coefficients by and b1, are defined by

*

9 K _
by = K_%o[ (1 —p— Kyr)(ra— 1) — p_1(1 —p— r—)(w1 - 1>] (C.6)
1

2 k

by = ——: K (ry—1) €7
27* _

by = —%pflK,(r; —1). (C.8)

In the boundary conditions (equations (92) and (90)), replacing g, and g , by
2W 9

Jo = Or 2 _ r

fp=ort - o AN (C.9)
_ I6; 2W 1

=5+ —,

92 ro? | Airg — A_lrgl ro? (C.10)

and using the expression of o and 3 in terms of g and g ; (equations (C.1) and (C.5)),
we obtain the following closed system of linear equations satisfied by g; and g ;:

{Agvl + Bgv_l — C

D§, + B, = F (1D
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where we define

27 Apri
A= opKi(n-D—— 4 Ay
T 171 — A_l’f’l
o (C.12)
-
_(A—l +2(f+ 9+ Tpl(P + KM"%)}
27* _ Ar? 27
B="—op K(r;' = )———— + —pa(p+ K.r), (C.13)
T A1T1 — A,1’I“1 T
27'* -1
=— (X —p—Kyr) —pa(l—p— K1y )(p+ Kyr1)
27%
——op(l—p—Kir)(p+ K.r})
27* K \K Arri
+ 0| ;L — p— K r) Ky — p—l(l —p— —)_+ — 1
T T9 ™ Aﬂ’l — A,I’f’l
(C.14)
27 A_iry? 27* 1
=—""omK (ry,—1) + pi(p+ K_ry7), :
- 1 2 Ay A_lrgl —n P 2 (C.15)
27* . A_iry?
=——o0p 1K (ry —1) — + A-ary
T 179 — A,I’T‘Q
o (C.16)
T _
_(Al +2(f+9)+ Tp—l(P + K1y 2))
and
_2r* -1 -1
F= TU( pd—p—Kir)—pa(l—p—Kry)(p+ K1)
27% _ _
+§o—p_1<1 —p— E_ry)p+ K1)
27* KK\ A.ry?
——a( P —p— Ker)Kory — p1(1 —p- —)—) T (C.17)
T Ty ) e ) Airg — A_1ry
Solving the linear system given in equation (C.11), it is finally found that:
. CE—-BF and & _AF-CD C 18
N Ag—Bp T AE-BD (€.18)

K,, K , Ay and A_; have been determined in section 5.1. Using their expressions,
we compute §; and ¢ ;, and finally compute K with the formula:
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2
K= ;‘—T(pl(l —p—Ker)+pa(l—p—K.ryh) — %(plga —p.1g ). (C.19)

Note that o and 3 can be deduced straightforwardly from their relations with g and
g_; (equations (C.1) and (C.5)).

Appendix D. Explicit expressions of m; and ni_; in one dimension

In the main text we showed that, for n > 0, m7,, had the following form

M = Tl + (ayn® + byn)ry, (D.1)
with
ool G
+ 2A1’["1—A71’r’171, (D2)
]. + —1
b, [C7 — ay(Air + Ay )], (D.3)

- 1
Alrl — A_17’1

and where the quantities C{ and C5 are defined by

27_* ~ avd -
Cf = T [P (11 = 1) + pafil 1 K (' = 1)

*
I piol20( - k(an — a'r - @) = GG~ D]+ o1~ K, = D)

k

2 - - _ _ -
—pao{ =20~ kG + o = a) = G0 = D1+ o= kK07 = D)
27* ~ ~ -1
= [prma Ko (r1 — 1) + poyimn Ko (rp — D]+ 4y, D.4)
and

+ 47* / —1
cy = —Taoz [p1(1 = k)A — 7)) — p1(X — kDA — r )] (D.5)

The expression for the coefficient o was given in appendix C (equation (C.1)) and
we defined o/ = W /(Air1 — A_1r7Y).
For n < 0, a similar resolution leads to the expression

M = 615 + (a_n* + b_n)rh, (D.6)
with
e,
2 Airg — A_1r2_17

a_ =

(D.7)
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1 - —1
= [C]{ —a_(Airo+ A_115 )],
Al?"g . A,1T51 1 172 172 (D8)

and where the quantities C'| and C, are defined by

_ 27 ~ ~ 1
Cr = T [p1mu K (r2 — 1)+ pam K (ry — 1)]

27*

—Tp10{2[(1 —k)(Bro—B'ra—B) — 1K (r2 — D]+ 01 — k) K_(r2 — 1)}

27

= pao (=20~ k)@Bry + Byt = ) = G K (! = DI ol kDK (ry! = D)

27*

= [ AK (ry — 1) + pa Ml K (ryt — D]+ 1, (D.9)
and
_ 4:7'>l< ’ —1
Cy = —=——oFp( — k)L = r5) = pa(d = k)1 = 1)l (D.10)

The expression of the coefficient § was given in appendix C (equation (C.5)) and we
defined ﬂ/ = W//(Aﬂ”g — A,17‘2_1).

As explained in the main text, we finally obtain a linear system of four equations with
unknowns my, m_1, I’ and 6 (equation (107)), involving the following quantities:

My = 27 n [pi K (r; — 1) — 1]
s T A17’1 — A,17’Il S (Dll)
27'* 1 —-1
My = K (ry —1)
14 T A A,lrfl 1184(7 (D.12)
27% 1 1
Moz = — — p1K_(ra —1)
2 T T9 Aﬂ’g — A,17”271 ' ? (D13)
27% 1 1 1
My=—-———— — [P K (ry” — 1)+ 1] (D.14)

T T2 Al’r‘g — A,IT’Q

27* 2A
T L pKi(rn—-1) (D.15)

2 k
Mz = —(A—1 +2(f+9) + LPJ@) +
T T Ay — A

2’7'* 2’7'* 2141 —1
Msy = —p 1k + p 1K (r; —1)
34 - 171 - Alrl—A,lrfl 1184(7 (D.16)
27'* 27'* 2A_1
My = —p_1k1 — K (ro—1)
43 P 1 . Alrg—A,lrgl 1 2 (D.17)
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27% 27" 24
My = —(A1 +2(f+9)+ %p_lm) - = 1

paK (ry;' = 1) D.18
T Al’r‘g — A,1T51 ' 2 ( )

V — 20 A1 — Y

e p— (D.19)
Ty e o
Vie o, 24, a_(8Airy — A1) + (D22

-1
A17’2 — A_17’2

Appendix E. Equations satisfied by w.;(u): additional definitions

In this appendix, we give the explicit expressions for the coefficients B;, Cj, D;, E;
involved in equation (120).

*
Bi= A+ Zpe = (L~ k) (E.1)
27* ~ _ 27" _ _
By=A+A 1 +2(f+9)+ Tm(e“‘” — D1 — @1 (w)] + Tp—l(e 17— DL — @-1(u)]
(E.2)
27* _
By=A 1+ Tp—l(e =11 — k1) (E.3)
27" ~ iuo ~ —1_—iuo
By = {pilk1 — w(w)](r1e"” — 1) + palk1 — W1 (w)](ry e = 1)} (E.4)

—
27" n i n —iuo
Bs = 2f+ Tp{pl[kl — Wi (w)](e™ — 1) + p_ilk_y — o1 (w)l(e™™ = D} (E.5)

27% : L
Cy= %{pl[kl — @y (u)](ree'™ — 1) + p[ky — Ta(w)](ry'e ™ = 1)} (E.6)
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*

2 .
D= A+ =—pi(e = D1~ k) (E.7)

27'* iuo 27'* iuo —iuo
Dy=A_1+2(f+g) + ——Pe ko + — [pi(e™ — 1)+ p_1(e™™ — D] (E.8)

2 %
Dy=""p ik (E.9)
T
2T* iuo
Dy =2f+ — [ pre"kiks — p_1k1k 1] (E.10)
27* :
Ds = %pl(e““’ ~1) (E.11)
27 :
Dg = Tp—l(efm -1 (E.12)
2 %
By =~ pik_y (E.13)
T
27* : 27* : :
By = A+ 20+ )+ =—pae koo + = [pi(e = D pa(e ™ — 1]
(E.14)
27—* —iuo
Es=A_1+ Tp—l(e — DA — k1) (E.15)
27—* —iuc
Ey=2f+ — [p1e7"k 1k o — p1kik_1] (E.16)

Appendix F. Algorithm and numerical methods

To sample exactly the master equation (4), we generate a sequence of random num-
bers (7, x, ) with the joint probability density function p(7, x, u) where p(7, x, p)dr is
the probability at time ¢ that the next event occurs in the infinitesimal time interval
[t+ 7,t+ 7+ d7], at site z, and is of type u (i.e. a diffusion event, an absorption event
or a desorption event). We write

p(T, T, ,u) = pl(T)p2($|7')p3(M|a T,T) (F.1)
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where

e pi(7)dr7 is the probability at time ¢ that the next event occurs in the time interval
[t+ 7, t+ 74+ dT].

e po(z|7T)dT is the probability that the next event occurs at site z, knowing that it
occurs during the time interval [t + 7, ¢+ 7+ d7].

e p3(u|z, 7)dT is the probability that the next event is of type p knowing that it
occurs during the time interval [t + 7, ¢+ 7+ d7] and at site x.

Writing as ¢, , the transition rate of event u at site z, we define

=S .

Rzgm (F.3)

r, is then the total rate of the events at site x, and R is the total rate of all the events
on all lattice sites. The quantities 7, x and p are then respectively drawn from the fol-
lowing distributions:

pi(T) = Re F7, (F.4)
pa(z|T) = %, (F.5)
mw%ﬂz%i (F.6)

The algorithm is as follows. We build a lattice of length 2L + 1 (the spacing of the lat-
tice o is taken as equal to 1). The boundary conditions are periodic, and L is chosen to
be large enough so that we can consider the lattice as infinite (in the results presented
below, L > 250). The initial condition is the following: the TP is initially at the origin
and at each site different from the origin, a particle is set with probability p. We chose
a final simulation time t,,,x. At each step of the simulation, and as long as t < tay, the
algorithm follows these steps:

(i) Set R=0.
(ii)) For each z€[0,2L + 1], compute r;:

e if the site zis occupied by a bath particle, three events are possible: a jump to the
left, a jump to the right, or a desorption event (respectively labeled as 1, 2 and
3). The associate rates c; , are

Co1 = %(1 o —n, ) (F.7)
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1
Ca2 = 5(1 — 9 =141 (F.8)

Cz3 =4 (F.9)
so that r, = %(1 -9 —n, )+ %(1 -9 =)+

e if the site x is occupied by the TP, two events are possible: a jump to the left, or
a jump to the right. The local rate is then r, = (1 — p1)(1 — n,_)) + p1(1 — 1, 1)

e if the site is empty, the only possible event is an absorption event, and r, = f.

(iii) Compute the total rate R = >_, 7.

(iv) Draw 7 from the distribution p;(7) = Re 7"

(v) Draw z from the distribution po(z|7) = 7/ R.

(vi) Draw the event p from the distribution ps(ul|z, 7) = ¢; /7

(vii) Update the lattice occupation after the realization of the event (note that such an
algorithm is rejection-free).

(viii) Increase the time t« ¢+ 7.

We finally keep track of the TP position X; with time. With a large number of real-
izations, we sample the PDF of X,.

Appendix G. Range of parameters for which K> 1/2

In section 6.3.3, we determined the critical value of the desorption rate g. allowing the
emergence of a nontrivial maximum value for the function K(p) for a given value of
the bias 6. As a complementary approach, for a fixed value of the bias, we study the
domain of the plane (g, p) in which the diffusion coefficient is greater than 1/2 , which
is its value when there is no bath particle.

In the case where the curve K(p) displays an extremum value, the value of the
diffusion coefficient is greater than 1/2 in the range [0, o], where g is a function of p;
and g only. From the analytical curves K(p), we can then deduce the values of p as a
function of ¢ for different values of p;, which are plotted on figure G1.

As was shown on figure 7, for a given value of p; and g, there exists a value of p
below which the difference g ; — g, is negative, i.e. below which there is a minimum for
g, in the range n < 0. This critical value of p will be denoted by g’. In order to compare
the domain of parameters giving respectively K >1/2 and § ; — § 5> 0, we also repre-
sent on figure G1 the curves of g’ as a function of ¢ for different values of p.

The domains in the plane (p, ¢) for which K > 1/2 and for which § ; — § 5, <0 then
seem to be correlated.
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Figure G1. Critical value of the density g below which the diffusion coefficient is
greater than 1/2, as a function of g and for different values of the bias p; (curves
in blue). Critical value of the density p’ below which § ; — ¢ ,> 0, as a function of
g and for different values of the bias p; (curves in green).
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