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We study the behavior of the stationary velocity of a driven particle in an environment of mobile hard-
core obstacles. Based on a lattice gas model, we demonstrate analytically that the drift velocity can exhibit a
nonmonotonic dependence on the applied force, and show quantitatively that such negative differential
mobility (NDM), observed in various physical contexts, is controlled by both the density and diffusion time
scale of the obstacles. Our study unifies recent numerical and analytical results obtained in specific
regimes, and makes it possible to determine analytically the region of the full parameter space where NDM
occurs. These results suggest that NDM could be a generic feature of biased (or active) transport in crowded
environments.
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Introduction.—Quantifying the response of a complex
system to an external force is one of the cornerstone
problems of statistical mechanics. In the linear response
regime, a fundamental result is the fluctuation-dissipation
theorem, which relates system response and spontaneous
fluctuations. Within recent years a great deal of effort has
been devoted to generalizations of this theorem to non-
equilibrium situations [1–4], when the time-reversal sym-
metry is broken, and also to elucidating the effects of the
higher order contributions in the external perturbation
[5–11]. From the experimental perspective, a theoretical
understanding of the latter issues is of utmost importance in
several fields, such as active microrheology [12–14] and
dynamics of nonequilibrium fluids [15,16].
A striking example of anomalous behavior beyond the

linear regime is the negative response of a particle’s velocity
to an applied force, observed in diverse situations in which a
particle subject to an external force F travels through a
medium. The terminal drift velocity VðFÞ attained by the
driven particle is then a nonmonotonic function of the force:
upon a gradual increase of F, the terminal drift velocity first
grows as expected from linear response, reaches a peak
value, and eventually decreases. This means that the differ-
ential mobility of the driven particle becomes negative forF
exceeding a certain threshold value. Such a counterintuitive
“getting more from pushing less” [17] behavior of the
differential mobility (or of the differential conductivity) has
been observed for a variety of physical systems and
processes, e.g., for electron transfer in semiconductors at
low temperatures [18–21], hopping processes in disordered
media [22], transport of electrons in mixtures of atomic
gases with reactive collisions [23], far-from-equilibrium
quantum spin chains [24], somemodels of Brownianmotors
[25,26], soft matter colloidal particles [27], different non-
equilibrium systems [17], and also for the kinetically
constrained models of glass formers [28–30].

Apart from these examples, negative differential mobil-
ity (NDM) has been observed in the minimal model of a
driven lattice gas, which captures many essential features of
the behavior in realistic systems. In this model, one focuses
on the dynamics of a hard-core tracer particle (TP) which
performs a random walk of mean waiting time τ, biased by
an external force F, on a lattice containing a bath of hard-
core particles (or “obstacles”) of density ρ, which perform
symmetric random walks of mean waiting time τ�. Such a
system may be viewed as the combination of two para-
digmatic models of nonequilibrium statistical mechanics,
namely the symmetric and asymmetric exclusion processes,
which have been extensively studied to describe heat and
particle transport properties [31]. Up to now, only limiting
situations of this model have been analyzed.
In the case of immobile bath particles (τ� → ∞), it has

been argued that for a tracer subject to an external force and
diffusing on an infinite percolation cluster, the drift velocity
vanishes for large enough values of the force, and therefore
NDM occurs [32]. More recently, NDM was also observed
via numerical simulations for low density of immobile
particles [33,34] and analytically accounted for [33], but to
the first order in ρ only. Surprisingly enough, it appears that
NDM is not a specific feature of a frozen distribution of
obstacles but also emerges in dynamical environments
undergoing continuous reshuffling due to obstacles random
motion (τ� < ∞). Indeed, very recently, numerical analysis
performed in [35] at a specific value of the density revealed
that NDM could occur in a 2D driven lattice gas for bath
particles diffusing slowly enough.
In general, the origin of the NDM has been attributed to

the nonequilibrium (called “frenetic”) contributions appear-
ing in the fluctuation-dissipation relation [36,37]. As
shown earlier in Refs. [38,39], due to its interactions with
the environment, the TP drives such a crowded system to a
nonequilibrium steady state with a nonhomogeneous
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obstacle density profile. However, the nonequilibrium
condition is clearly not the only necessary condition for
the NDM to emerge—in simulations in [35] this phenome-
non is apparent for some range of parameters but it
definitely should be absent when the obstacles move
sufficiently fast that the TP sees the environment as a fluid.
Finally, NDM seems to be controlled by both the density

ρ and the diffusion time scale τ� of the bath particles.
However, a microscopic theoretical analysis of this effect is
still lacking. The only available analysis is restricted to the
case of immobile obstacles (in the low-density regime)
where, by definition, the bath particles are not perturbed by
the TP. In this Letter, we reveal the complete scenario of
this coupled dynamics providing (i) a scaling argument in
the dilute regime that unveils the physical mechanism of
NDM, (ii) an analytic analysis of the TP velocity for
arbitrary values of system parameters, and (iii) a criterion
for the NDM effect to be observed, which shows in
particular that for any ρ NDM exists if τ� is large enough
(see Fig. 1).
More precisely, using a decoupling of relevant correla-

tion functions, we derive the force-velocity relation VðFÞ
valid for general ρ, τ, τ�, and F, and for any dimension
d ≥ 2. This approximate expression is shown to be exact
both in the dilute and in the dense limit and provides results
in excellent agreement with numerical simulations for a
wide range of parameters. In the low-density regime, we
recover the exact result obtained in Ref. [33] in the limit
ρ → 0 and τ� → ∞, while in the high-density limit our
general expression gives back the exact results of [40].
Therefore, our theoretical framework unifies existing
asymptotic results [33–35]. Our analytic result also allows
us to quantify the nontrivial nonmonotonic behavior of the
velocity with respect to the force, bringing to the fore the
central role of the coupling between density and time

scales. In particular, we analytically determine in the plane
ðρ; τ�=τÞ the region for NDM and establish an accurate
criterion for the existence of the NDM (exact at linear order
in ρ); see Fig. 1 [41].
Model.—The dynamics in the system under study is

defined as follows. Each bath particle, selected at random,
waits an exponential time with mean τ� and then selects the
jump direction with probability 1=2d. Once the jump
direction is chosen, the obstacle attempts to move onto
the target site: the move is realized if the target site is empty
at this time moment; otherwise, if the target site is occupied
by either another obstacle or the TP, the move is rejected. In
a similar fashion, the TP waits an exponential time with
mean τ and then chooses to jump in the direction ν
(ν ∈ f�1;…;�dg) with probability

pν ¼
eðβ=2ÞF·eνP
μe

ðβ=2ÞF·eμ ; ð1Þ

where β is the inverse temperature (measured in the units of
the Boltzmann constant), eμ are the corresponding 2d base
vectors of the hypercubic lattice, the lattice step has been
taken equal to 1, and we denote F≡ Fe1. Note that Eq. (1)
provides the standard choice of the transition probabilities,
which satisfy the generalized detailed balance condition
[42], but arbitrary choices of pν [35] can be considered
within our formalism [43].
Before discussing the mathematical details of our

approach, we first present a scaling argument that reveals
the physical mechanism underlying NDM and provides an
estimation of the threshold in the low-density limit.
Assuming a strong external force, one has p1 ≃ 1 − ϵ,
p−1 ¼ Oðϵ2Þ, with ϵ ¼ 2 expð−βF=2Þ, so that the mean
velocity in the absence of obstacles can be written
ð1 − ϵÞ=τ. The stationary velocity in the presence of
obstacles is then given by the mean distance 1=ρ traveled
by the TP between two obstacles divided by the mean
duration of this excursion, which is the sum of the mean
time of free motion τ=½ρð1 − ϵÞ� and of the mean trapping
time τtrap per obstacle. The escape from a trap results from
two alternative independent events: the TP steps in the
transverse direction (with rate ϵ=τ) or the obstacle steps
away [with rate 3=ð4τ�Þ, for d ¼ 2]. This leads to
1=τtrap ¼ 3=ð4τ�Þ þ ϵ=τ, and finally

VðFÞ ¼ 1 − ϵ

τ þ 4ρð1 − ϵÞ τ�
3þ4ϵτ�=τ

: ð2Þ

From this formula, it can be seen that V is decreasing with
F at large F (i.e., small ϵ), and therefore is nonmonotonic
with F, as soon as τ� ≳ τ=

ffiffiffi
ρ

p
. This unveils the physical

origin of NDM in the dilute regime, where two effects
compete. On the one hand, a large force reduces the travel
time between two consecutive encounters with bath par-
ticles; on the other hand, it increases the escape time from

0 0.2 0.4 0.6 0.8 1
ρ

0

3

6

9

12

15

18

τ∗ /τ

0.001 0.01 0.1
ρ

1

10

τ∗ /τ

complete solution
linearized solution
(4ρ)−1/2

NDM

NDM

FIG. 1 (color online). Region of negative differential mobility
(NDM) in the plane τ�=τ vs ρ, for d ¼ 2 (black circles), as
revealed by our analytical approach. Inset: zoom of the low-
density region and comparison with the prediction of the linear
approximation, Eq. (7) (red line), and with asymptotic result,
Eq. (5) (blue dashed line).
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traps created by surrounding particles. Eventually, for τ�
large enough, such traps are sufficiently long lived to slow
down the TP when F is increased. In order to get a rigorous
and quantitative understanding of NDM for all parameter
values, we now analyze in detail the microscopic dynamics
of the model.
General expression of the velocity.—Let the Boolean

variable ηðRÞ ¼ f1; 0g denote the instantaneous occupa-
tion of the site at position R by any of the obstacles, η≡
fηðRÞg denote the instantaneous configuration of all such
occupation variables, and RTP the instantaneous position of
the driven particle. The stationary velocity VðFÞ along the
field direction is easily shown to be given by (see the
Supplemental Material [44])

VðFÞ≡ dhRTP · e1i
dt

¼ 1

2dτ�
ðA1 − A−1Þ; ð3Þ

where the coefficients Aν (ν ¼ �1;…;�d) are defined by
the relation Aν ≡ 1þ ð2dτ�=τÞpν(1 − kðeνÞ). Here,
kðeνÞ≡P

RTP;ηηðRTP þ eνÞPðRTP; ηÞ represents the sta-
tionary density profile around the TP, PðRTP; ηÞ being
the joint probability of finding the TP at the site RTP with
the configuration of obstacles η.
In order to obtain a general expression for the TP

stationary velocity for arbitrary force, we make use of
the decoupling approximation [46] for the correlation
function of the occupation variables of the form

hηðRTP þ λÞηðRTP þ eνÞi ≈ hηðRTP þ λÞihηðRTP þ eνÞi;
ð4Þ

which presumes that the occupation of the site just in front
of the TP, and of a site some distance λ apart of it, become
statistically independent. This approach represents a mean-
field-like approximation and its physical motivation relies
on the observation that a fluctuation in the occupancy of the
sites in the vicinity of the tracer does not affect the
dynamics far from the tracer itself. This decoupling scheme
has been previously used in Refs. [38,39] to derive general
equations for the TP velocity in two-dimensional open
systems. However, the analysis in [38,39] was only con-
cerned with the linear response regime, giving access to the
Stokesian behavior of the mobility and hence, via the
Einstein relation, to the diffusion coefficient of the particle
in the absence of external bias. Here we extend this analysis
to nonlinear response (arbitrary force) and arbitrary dimen-
sionality of the embedding lattice in order to define the
physical conditions under which the NDM takes place.
Following Ref. [39], this decoupling approximation can

be shown to lead to a closed system for the Aν, which is
reported in the Supplemental Material [44]. This system is
highly nonlinear in the coefficients Aν. However, it can be
numerically solved to find the analytic value of the TP
velocity for an arbitrary choice of the model parameters.

Criterion for NDM.—By using our analytical solution,
the region for NDM in the plane ðρ; τ�=τÞ can be deter-
mined, as reported in Fig. 1, which constitutes the key
result of this Letter. Importantly, this shows that for every
density there exists a value of τ�=τ above which NDM can
be observed; this value diverges for both ρ → 0 and ρ → 1.
In turn, for any value of τ�=τ ≳ 1, there exists a range of
density ½ρ1; ρ2�, for which NDM occurs. When τ�=τ is
sufficiently large, the value of ρ1 can be made explicit using
a small density expansion [see Eqs. (6) and (7)]. This leads
to the exact asymptotic result

ρ1 ∼
τ�=τ→∞

1

4

�
τ

τ�

�
2

; ð5Þ

which is validated numerically in Fig. 1; see the
Supplemental Material [44]. Note that this exact result is
consistent with our earlier scaling argument.
In order to validate the above scenario and to explore the

effectiveness of the decoupling approximation in Eq. (4),
we have performed numerical simulations for different
dimensions. Very good agreement is observed for a wide
range of parameters (see Fig. 2 for a two-dimensional
infinite square lattice and [44] for the three-dimensional
case). We show below that this approximation is actually
exact in both limits ρ → 0 (at linear order in ρ) and ρ → 1.
Low-density limit.—In the dilute limit ρ → 0, the system

for the coefficients Aμ can be drastically simplified (see the
Supplemental Material [44]). In this case, one has Aμ ∼
1þ ð2dτ�=τÞpμ and the TP velocity can be expressed as
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FIG. 2 (color online). VðFÞ for d ¼ 2 and β ¼ 1: (a) ρ ¼ 0.05,
τ ¼ 1, and different τ�, analytic prediction (lines) and numerical
simulations (symbols); (b) τ ¼ 1 and τ� ¼ 10, analytic prediction
(continuous lines), numerical simulations (symbols), and linear-
ized solution (dashed lines); (c) high-density limit, ρ ¼ 0.999,
with τ ¼ 1, and different τ�, analytic prediction of Eq. (9) (lines)
and numerical simulations (symbols); (d) ρ ¼ 0.5, τ ¼ 1, and
different τ�, analytic prediction (lines) and numerical simulations
(symbols).
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Vðρ → 0Þ ¼ 1

τ
ðp1 − p−1Þ

−
ρ

τ
ðp1 − p−1 þ p1v1 − p−1v−1Þ þ oðρÞ; ð6Þ

where the coefficients vn satisfy the linear system of
equations

2dð1þ τ�=τÞvn ¼
X
ν

½1þ ð2dτ�=τÞpν�veν∇−νF n

− ð2dτ�=τÞðp1 − p−1Þð∇1 −∇−1ÞF n:

ð7Þ

Here, the functions F n depend on the coefficients Aμ,
on the dimension of the system, and are reported explicitly
in the Supplemental Material [44], while ∇μ is a differen-
tial operator defined by the relation ∇μfðλÞ≡
fðλþ eμÞ − fðλÞ. The VðFÞ obtained in this dilute limit
is reported in Fig. 2(b) (dashed lines) for different densities
and shows the same behavior as the complete solution, even
at intermediate values of ρ, for small enough forces.
A further simplification occurs in the limit considered in

Ref. [33] of the standard Lorentz gas, namely when
τ�=τ → ∞. In this case, from Eq. (7) we obtain an explicit
solution, which actually coincides with the analytic results
presented in [33]. In the particular case d ¼ 2, the functions
F n simplify to

F n ¼ e−n1F=2
Z

∞

0

e−tIn1ð2t=ZÞIn2ð2t=ZÞdt; ð8Þ

with InðxÞ the modified Bessel function of the first kind and
Z ¼ 2þ eβF=2 þ e−βF=2. Substituting Eq. (8) into the
system (7), and using Eq. (6), one recovers the exact result
of Ref. [33] (see the Supplemental Materal [44]). As the
accuracy of our analytic results increases when τ�=τ
decreases, as shown numerically in Fig. 2, we claim that
our decoupling approximation, Eq. (4), is exact at linear
order in ρ.
High density limit.—As detailed in the Supplemental

Material [44] and illustrated here in the particular case
d ¼ 2, the system for the coefficients Aμ linearized around
1 − ρ leads to

VðFÞ ¼ 1

τ
ð1 − ρÞ sinhðβF=2Þ

1þ coshðβF=2Þ½1þ 2τ�
τ ðπ − 2Þ� : ð9Þ

This result gives back the exact expression obtained in
Ref. [40] in the particular case τ ¼ τ�.
Conclusion.—We have presented an analytic theory for

NDM in a general driven lattice gas. Exploiting a decou-
pling approximation, we have obtained an analytic expres-
sion for the force-velocity relation. This expression which
goes beyond linear response, is shown to be exact in both
ρ → 0 and ρ → 1 regimes and turns out to be in very good

agreement with numerical simulations for a wide range of
parameters. In particular, for values of τ� large enough, a
nonmonotonic behavior of the TP velocity as a function of
the external force is indeed observed. Our study extends
analytical results obtained in Ref. [33] and sheds light on
recent numerical observations [34,35]. In particular, with
the choice of transition rates of Ref. [35], which do not
depend on the field in the transverse direction, NDM is
observed only for much larger values of τ�=τ. This is due to
the fact that the escape time of the TP from traps, in that
case, is insensitive to the applied force to linear order in ρ.
Our solution reveals and quantifies a minimal physical

mechanism responsible for NDM, which is based on the
coupling between the density of obstacles and the diffusion
time scales of the TP and obstacles. Our minimal model,
which takes into account the repulsive part of the particle-
particle interactions only, suggests that the phenomenon of
the negative differential mobility should be a generic
feature of biased transport in crowded environments.
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