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Abstract
We study a lattice model describing the nonequilibrium dynamics arising from the pulling of a
tracer particle through a disordered medium occupied by randomly placed obstacles. The model
is considered in a restricted geometry to investigate confinement-induced effects. We derive exact
analytical results for the characteristic function of the displacement moments, valid to first order in
the obstacle density. By calculating the velocity autocorrelation function and its long-time tail, we
find that even in equilibrium the system exhibits a dimensional crossover. This picture is further
confirmed by the approach of the drift velocity to its terminal value attained in the nonequilibrium
stationary state. At long times, the diffusion coefficient is affected by both driving and confinement
in a way that we quantify analytically. The force-induced diffusion coefficient depends sensitively
on confinement, which qualitatively modifies the nonanalytic force dependence observed in the
unbounded model. We then examine the fluctuations of the tracer particle along the driving direc-
tion. We show that in the intermediate regime superdiffusive behavior persists even in the presence
of confinement. We use stochastic simulations to test the validity of the analytical results, exact to
first order in the obstacle density and valid for arbitrary force and confinement.

1. Introduction

Active microrheology experiments are now widely used to infer properties of soft materials [1–3]. In
these experiments, a tracer particle is pulled through a medium using optical or magnetic tweezers. This
experimental approach applies in several contexts, ranging from colloidal suspensions [3], soft glassy
materials [4, 5], fluid interfaces [6], to living cells [7]. The possibility to tune the external force allows
for the exploration of the full crossover from the linear regime to the truly nonlinear one emerging for
strong forces and its associated nonequilibrium phenomena such as force-thinning [8–10] and enhanced
diffusivities [11–13]. In addition to these phenomena, among the most central theoretical challenges is
to describe the effects of bias, crowding, and confinement [14, 15] in strongly interacting systems out of
equilibrium.

Several analytical results have been obtained for lattice models in which a tracer particle moves in a
dense environment [16–18]. In particular, for single-file diffusion there exist exact [19, 20], numerical
[21–24], approximate [25], and experimental results [26], including also the theoretical analysis of the
biased dynamics [27] and the motion in an external potential [28]. Further analytical progress has been
made also on closely related fronts of the literature, including—inter alia—exclusion processes [29–32]
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and their variants with a moving defect [33, 34], driven one-dimensional lattice gases [35, 36] in nar-
row channels [37–41], diffusion on percolation networks [42–44]7, and random trapping for a tracer
moving into a channel [46]. Closely related are the Lorentz mirror (and Manhattan) lattice models
[47, 48] and their billiard counterparts, notably the Ehrenfest wind–tree model where rigorous diffusion
in periodic mirror arrays has been established [49]; see also the monograph [50] for broader context on
deterministic transport in billiard systems. Despite these achievements, an analytically tractable model
able to encompass the nonequilibrium regime of strong pulling in the presence of crowding, disorder,
and geometrical confinement is still lacking.

This paper provides a first step in this direction via the driven quasi-confined lattice Lorentz gas
model. This model describes the complementary situation in which a tracer particle explores an immo-
bile landscape of randomly distributed obstacles. This minimal model of disorder is motivated by the
fact that the mutual exclusion between the tracer and the environment is commonly regarded as the
most important ingredient. The confinement in a lattice model can be realized in several ways: the sim-
plest is referred to as quasi-confinement, which is implemented by restricting the model onto an infinitely
long strip with identified edges; this choice corresponds to the topology of a cylinder of finite circumfer-
ence L.

For this lattice model we derive an analytical solution, valid to first order in the obstacle density n
and for arbitrarily strong driving and confinement. In this regard, all formulas should be read includ-
ing order O(n). Strictly speaking, this approach cannot describe finite n, a regime that is far beyond the
scope of the paper; hence, conclusions cannot be drawn for finite densities at infinite times. We stress an
additional intricacy.

The limits of n→ 0 and F→∞ (with t→∞) do not commute, which makes the scenario subtle.
However, the simulations we performed clearly delineate the theory’s domain of applicability; the win-
dow of validity is not uniform and depends on F and n. We therefore compute the first-order correc-
tion for arbitrary force and then, for practical purposes, we compare it with simulations extending to
large but finite times, a circumstance that applies to practical scenarios. The theory encompasses the full
crossover from the maximally confined L= 2 lane model to the unbounded model (L=∞) whose equi-
librium solution has been known from the pioneering works of Nieuwenhuizen et al in [51–57], while
the nonequilibrium case has been solved more recently [58–60, 60–62]. The analytical method developed
in [58–60] applied here to the quasi-confined model, relies on a lattice version of scattering theory from
quantum mechanics [63].

Our aim is to derive and discuss the complete time-dependent dynamics, the approach to the
nonequilibrium stationary state, and how these aspects interplay with confinement. The principal results
of this paper can be summarized as follows: the stationary state is characterized by a terminal velocity
which, for infinitesimally small forces, is approached as t−1/2 for any finite L, whereas the decay is t−1

for the unbounded model [58]. The above long-time tails are actually fragile since an arbitrarily small
but finite force is sufficient to multiply them by an exponential factor; i.e., for the confined system the
long-time tail becomes t−1/2 exp(−cF 2t), where c> 0 is a coefficient. This behavior is the signature of a
dimensional crossover. This surprising behavior, that we find already at equilibrium, can be characterized
by the complete time-dependent velocity autocorrelation function (VACF). The latter exhibits a long-
time tail of the form t−(d+2)/2 [57] with effective dimension d= 2 at short times, while at long times
the effective dimension d= 1 reflects a reduction to a quasi-one-dimensional system. We then study the
fluctuations of the tracer particle along the force. From the variance of the position we infer the emer-
gence of a transient superdiffusive behavior at intermediate times with a time-dependent exponent of
anomalous diffusion that can saturate to α(t) = 3 for large forces. Standard diffusion, i.e., α(t) = 1, is
attained at both short and long times. At long times however the diffusion is characterized by a force-
dependent and confinement-dependent diffusion coefficient that we identify. Among our findings is that,
in general, for large forces the confinement effects fade out and the system behaves, de facto, like the
unbounded one. On the other hand, confinement-induced effects play a major role at low forces. Their
effect is so strong that it can alter the nonanalytic behavior of response functions making them signifi-
cantly different from those observed in the unbounded model. This is what we observed by studying the
long-time diffusion coefficient.

This paper is organized as follows. In section 2 we introduce the driven, quasi-confined, lattice
Lorentz gas model. The exact solution of the model relies on the scattering approach formalism elab-
orated in [58–60] that we briefly recall in section 3. The results for the velocity response are presented
in section 4. Section 5 conveys the analysis of the VACF in equilibrium and its associated dimensional

7 See [45] for a rigorous proof of the results of [42].
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crossover, as well as the time-dependent fluctuations along the force. Our summary and conclusions are
provided in section 6. A series of Appendices collects several technicalities including Green’s function of
the quasi-confined model.

2. The model

The lattice Lorentz gas model is a random walk occurring on a disordered lattice Λ in which some sites
are not accessible to the walker. Let Λ = {r= (x,y) : x= 1, . . . ,Lx,y= 1, . . . ,Ly} with N= LxLy sites and
periodic boundary conditions. The walker performs jumps to its nearest neighbors, N = {±ex,±ey}.
The waiting time at accessible sites is exponentially distributed with mean waiting time τ . The disorder
is modeled via hard and immobile obstacles (also referred to as impurities). If the tracer attempts to hop
on a site occupied by an obstacle, then the transition is rejected and the walker remains where it was
(time still progresses and the walker does not move); the trajectory is schematically depicted in figure 1.
Throughout this paper we will consider periodic boundary conditions along both the lattice directions.
Technically, we take the limit Lx →∞ while keeping L := Ly finite. This procedure defines the notion of
quasi-confinement adopted in this paper.

The driving is implemented via a force F⩾0, i.e., we consider only positive forces that pull the tracer
along the x-axis, as sketched in figure 1. For convenience, the force F is dimensionless and measured
in units of kBT/a, where a is the lattice spacing that we set equal to unity. The bias introduced by the
force affects the transition probabilities for hopping on neighboring sites. Imposing local detailed balance
implies that W(ex)/W(−ex) = exp(F) and W(ey)/W(−ey) = 1 [64], therefore,

W(±ex) =
e±F/2

2+ eF/2 + e−F/2
(1)

W(±ey) =
1

2+ eF/2 + e−F/2
. (2)

These expressions follow from the above criterion as well as the overall normalization. As a result, for
large F≫ 1 the dominant transition rate is W(ex), the latter is enhanced at the expense of the transi-
tions in the direction perpendicular and opposite to the force. Note that in the absence of bias (F= 0)
all transition probabilities become identical and equal to 1/4.

The state of the system at time t is characterized by the site-occupation probability density pr(t),
the probability of being at site r at time t. We formally introduce a Hilbert space H with orthonormal
basis states of position kets {|r⟩ : r ∈ Λ}. We then define an abstract ket state |p(t)⟩ ∈ H by |p(t)⟩=∑
r ∈Λpr(t)|r⟩. Using completeness we find

|p(t)⟩=
∑
r ∈Λ

|r⟩⟨r|p(t)⟩ . (3)

Hence, pr(t) = ⟨r|p(t)⟩ is the probability to find the tracer at site r at time t. The time evolution of this
probability follows according to the master equation ∂t|p(t)⟩= Ĥ|p(t)⟩. The latter is formally analogous
to the Schrödinger equation in imaginary time, with Ĥ identified as the ‘Hamiltonian’. Upon projecting
the master equation onto the bra ⟨r| we find the following representation of the master equation in the
position basis

∂t⟨r|p(t)⟩=
∑
r ∈Λ

⟨r|Ĥ|r ′⟩⟨r ′|p(t)⟩ , (4)

from which we can identify the matrix elements ⟨r|Ĥ|r ′⟩ as the transition rates from site r ′ to r.
The motion on the empty lattice, i.e., the lattice with no obstacles, can be regarded as the reference

situation corresponding to the unperturbed Hamiltonian

Ĥ0 =
Γ

τ

∑
r ∈Λ

[
−|r⟩⟨r|+

∑
d∈N

W(d)|r⟩⟨r− d|
]
, (5)

with unnormalized rates (Γ/τ)W(d ∈N ), where

Γ =
1+ cosh(F/2)

2
. (6)

3
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Figure 1. The tracer particle performs a random walk under the action of a force F resulting in biased hopping rates (or nearest-
neighbor transition probabilities). Rejected transitions onto obstacles (filled circles) are indicated with a star.

The choice of this prefactor corresponds to unnormalized transition rates considered in [59, 60], while
normalized rates have been considered in [58]. The two choices are actually equivalent under a rescal-
ing of the time. One may choose units of time such that the mean waiting time τ = 1 sets the time
scale. Hard, immobile obstacles that preclude transitions from and to obstacle sites can be modeled by
an interaction potential that exactly cancels the associated transition rates. The Hamiltonian is formally
written as Ĥ= Ĥ0 + V̂, where the ‘potential’ V̂ is constructed such that its matrix elements cancel the
forbidden transitions. For a single obstacle located at site s the potential takes the form V̂= v̂(s)≡ v̂1.
The nonvanishing matrix elements are those between the state associated to the site s and its neigh-
bors: s− d, with d ∈N . For example, ⟨s|v̂1|s− d⟩=−ΓW(d) cancels the transition to the obstacle, while
⟨s− d|v̂1|s⟩=−ΓW(−d) cancels the transition from the obstacle, and ⟨s− d|v̂1|s− d⟩= ΓW(d).

3. Solution strategy

In this section we outline the main ideas underlying the analytical approach for the solution in the pres-
ence of disorder. To begin, we illustrate how to solve the reference case corresponding to the driven
dynamics in the absence of obstacles. The material presented in this section adapts the established solu-
tion strategy for the unbounded model [58–60] to the quasi-confined model.

3.1. Bare dynamics
The random walk is described in terms of the conditional probability U0(r, t|r ′) of the tracer to move
from site r ′ to site r in lag time t. The time evolution of the conditional probability U0(r, t|r ′) is gov-
erned by a master equation of the form

∂tU0(r, t|r ′) =
∑
d∈N

W(d)U0(r− d, t|r ′)

−
∑
d∈N

W(d)U0(r, t|r ′) . (7)

By adopting the bra–ket notation the conditional probability is written as U0(r, t|r ′) = ⟨r|Û0(t)|r ′⟩ in the
complete orthonormal basis of position kets with time-evolution operator Û0(t). The master equation
for the time-evolution operator reads ∂tÛ0(t) = Ĥ0Û0(t), with initial condition Û0(t= 0) = 1 and Ĥ0

given by equation (5). The time-evolution operator formally solves the master equation by means of
Û0(t) = exp(Ĥ0t). The site-occupation probability at time t given that the driving force F> 0 is switched
on at time t= 0 is given by

|p(t)⟩= Û0(t)|peq⟩ , (8)

where |p(t= 0)⟩= |peq⟩= (1/N)
∑
r ∈Λ|r⟩ represents the probability distribution at time t= 0 consist-

ing of equally likely lattice sites. The time-evolution operator can be explicitly calculated by considering
the plane-wave basis

|k⟩= 1√
N

∑
r ∈Λ

eik·r|r⟩ , (9)

with wave vector k defined such that k= (kx,ky) ∈ Λ∗ := {(2π p/Lx,2π q/L) : p= 0, . . . ,Lx,q= 0, . . . ,L−
1}. Since the unperturbed Hamiltonian Ĥ0 is translationally invariant, it is diagonal in the plane-wave

4
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basis (equation (9)) and therefore

⟨k|Ĥ0|k ′⟩= ϵ(k)δk,k ′ , (10)

where δk,k ′ denotes the Kronecker delta and the eigenvalue ϵ(k) is given by

ϵ(k) = Γ

[
−1+

∑
d ∈ N

W(d)e−ik·d
]
, (11)

or equivalently,

ϵ(k) =−Γ
∑
d ∈ N

[
1− cos(k · d)+ i sin(k · d)

]
W(d) . (12)

In turn, this can be cast in the following way

ϵ(k) = ϵx(kx)+ ϵy(ky) , (13)

where

ϵx(k) =−1

2

[
(1− cos(k))cosh(F/2)+ i sin(k) sinh(F/2)

]
ϵy(k) = ϵx(k)

∣∣
F=0

.

(14)

Quite interestingly, the effect of a nonzero force amounts to an imaginary shift of the momentum from
kx to kx + iF/2 and thus ϵx(k) in the above equation can be written in the equivalent form

ϵx(k) =
1

2
[1− cosh(F/2)]− 1

2
[1− cos(k+ iF/2)] . (15)

The characteristic function

F0(k, t) = ⟨e−ik·∆r(t)⟩0 (16)

encodes all moments of the displacement ∆r(t) = r(t)− r(0) = (∆x(t),∆y(t)) in the absence of obsta-
cles, as emphasized with the notation ⟨·⟩0. In terms of the time-evolution operator, the above can be
evaluated to

F0(k, t) =
∑

r, r ′ ∈Λ

e−ik·(r−r ′)⟨r|Û0(t)|r ′⟩⟨r ′|peq⟩ , (17)

where ⟨r ′|peq⟩= 1/N is the initial distribution. The eigenvalue of the time evolution in the plane-wave
basis determines the intermediate scattering function via

F0(k, t) = ⟨k|Û0(t)|k⟩= exp[ϵ(k)t] . (18)

The first moment is

⟨∆x(t)⟩0 = i
∂

∂kx
F0(k, t)

∣∣∣
k= 0

= v0t , (19)

with drift velocity v0 = i∂ϵ(k)/∂kx|k= 0 = sinh(F/2)/2. For the second moment along the x direction,
we calculate

⟨∆x2(t)⟩0 =− ∂2

∂k2x
F0(k, t)

∣∣∣
k= 0

= (v0t)
2 + 2D0

xt , (20)

where D0
x is the bare diffusion coefficient

D0
x(F) =

cosh(F/2)

4
. (21)

Since we take Lx →∞, the momenta kx form a continuum, which allows us to perform the momentum
derivatives ∂kx as shown in equation (20). Parenthetically, we observe that D0

x(F) does not depend on the
value of the size L.

5
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3.2. Obstructed biased motion
We consider the presence of hard, immobile obstacles randomly distributed on the lattice. The effects
due to the disordered lattice can be worked out exactly to first order in the obstacle density n and for an
arbitrary strength F of the bias. In this section we review the analytical technique based on the applica-
tion of the scattering formalism in quantum mechanics (see e.g. [63]) and originally developed in [59–
61] for the lattice Lorentz gas.

When the tracer attempts to jump onto an obstacle site, it remains at its initial site. Thus, the obsta-
cle cancels the transition from and to the inaccessible site. In order to take into account the obstacles, we
split the Hamiltonian into the sum of a free contribution Ĥ0 describing the dynamics on the empty lat-
tice and an interaction term V̂ accounting for the disorder, i.e., Ĥ= Ĥ0 + V̂. Let v̂(si)≡ v̂i be the poten-
tial for a single impurity located at site si. Let NI be the number of such obstacles on the lattice, then
the total potential V̂ can be written as a sum over all single-obstacle potentials v̂i with V̂=

∑NI

i=1 v̂i, the
density of the obstacle is thus n= NI/N. A tracer beginning on an empty site will remain within the
connected cluster of empty sites.

Let us consider now an isolated obstacle that we placed at site s1. Since the system is translation-
ally invariant, we may pick any site as the origin; we choose s1. Since the tracer performs nearest-
neighbor jumps, the only nonvanishing matrix elements for an obstacle located in the origin are the
obstacle site e0 = 0 and its nearest neighbors e±2 =±ey, e±1 =±ex. Cancellation of the transition rates
entails that the matrix elements ⟨eµ|v̂|eν⟩ of the single-obstacle potential are ⟨0|v̂|0− d⟩=−ΓW(d)
and ⟨0− d|v̂|0⟩=−ΓW(−d) where d ∈N , the set of neighboring sites of the obstacle (see the discus-
sion at the end of section 3.). The matrix representation of the single-obstacle potential in the basis
(e−2,e−1,e0,e1,e2) reads

v=
1

4τ


1 0 −1 0 0
0 eF/2 −e−F/2 0 0
−1 −eF/2 4Γ −e−F/2 −1
0 0 −eF/2 e−F/2 0
0 0 −1 0 1

 , (22)

where τ will be set equal to unity in all calculations. Probability conservation implies that all entries in
each column sum to zero.

With this representation, we can follow the approach outlined in [60]. We express the dynamics of
the tracer particle in the presence of obstacles in terms of the full propagator Ĝ, the latter being defined
as the Laplace transform of the time-evolution operator Û(t) for a configuration of impurities with
interaction potential V̂=

∑NI

i=1 v̂i, therefore

Ĝ(s) = (s− Ĥ)−1 . (23)

The full propagator Ĝ(s) = (s− Ĥ)−1 and the free propagator Ĝ0(s) = (s− Ĥ0)
−1, written as resolvents,

are related via

Ĝ= Ĝ0 + Ĝ0V̂Ĝ , (24)

where Ĝ0 is the bare propagator corresponding to the empty lattice. This equation admits an iterative
solution in terms of the Born series, Ĝ= Ĝ0 + Ĝ0V̂Ĝ0 + Ĝ0V̂Ĝ0V̂Ĝ0 + . . . . By employing the formalism
of quantum mechanical scattering theory the propagator can be equivalently expressed as

Ĝ= Ĝ0 + Ĝ0T̂Ĝ0 , (25)

in which the scattering operator T̂ is related to the interaction potential via T̂= V̂+ V̂Ĝ0T̂, the latter
encodes all possible sequences of collisions of the tracer with the disorder. Analytic progress is made by
rearranging the terms in the form of a multiple scattering expansion

T̂=

NI∑
i=1

t̂i +
NI∑

j,k=1
j6=k

t̂jĜ0 t̂k +
NI∑

l,m,n=1
l 6=m,m6=n

t̂lĜ0 t̂mĜ0 t̂n + · · · . (26)

The first sum in equation (26) takes into account the revisit of a certain impurity, this term contributes
in first order of the density n. The remaining sums appearing in the multiple scattering expansion
(equation (26)) correspond to contributions involving correlated scattering with at least two impuri-
ties, these terms contribute to order O(n2) and higher. Throughout this paper we will not be interested

6
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Figure 2. The distinguished basis B centered on the impurity.

in the effects due to a specific arrangement of the lattice impurities, therefore we will perform an aver-
age over the disorder realizations, this is denoted [.]av. The averaging procedure restores the translational
invariance and, as a result, the disorder-averaged scattering operator [T̂]av is diagonal in the plane-wave
basis |k⟩. The first term in the scattering expansion (equation (26)) is identified as the one yielding a
linear contribution in the density n. The remaining terms are responsible for corrections of order O(n2)
or higher and are interpreted as effects arising from correlated scatterings between different impurities.
Retaining only the first sum in the scattering expansion amounts to the single-scatterer approximation
[65]. This approximation scheme yields ⟨k|[T̂]av|k⟩= nN⟨k|̂t|k⟩+O(n2), where ⟨k|̂t|k⟩ := t(k) is the
forward scattering amplitude of a single obstacle and nN= NI is the number of impurities. From
equation (25) we obtain the disorder-averaged propagator in plane-wave basis, [G]av(k) := ⟨k|[Ĝ]av|k⟩,
exact to first order in the obstacle density

[G]av(k) = G0(k)+ nNt(k)G0(k)
2 +O(n2) . (27)

The first term in the equation above is the bare propagator in Fourier space and Laplace domain, there-
fore G0(k) = ⟨k|Ĝ0|k⟩=

´∞
0 dte−st⟨k|Û0(t)|k⟩= [s− ϵ(k)]−1, the latter is diagonal in the plane-wave

basis. From now on the dependence on the Laplace parameter s will be suppressed for notational con-
venience. The second term in equation (27) is the self-energy Σ(k) = nNt(k)+O(n2) to linear order in

the density n, the latter follows from Dyson’s equation, [Gav](k) =
[
G0(k)−1 −Σ(k)

]−1
.

Within the theoretic formulation outlined above the tracer can start its motion at any lattice site,
however in simulations the initial position is chosen at an accessible site. This prescription can be
properly taken into account by correcting the disorder-averaged propagator by a factor 1/(1− n) =
1+ n+O(n2) and then retaining terms linear in n, therefore equation (27) is corrected by

[G]cav(k) = G0(k)+ n[G0(k)+Nt(k)G0(k)
2] +O(n2) . (28)

The disorder-averaged propagator encodes all moments of the tracer’s displacement to first order in
the obstacle density n and is valid for arbitrarily strong driving. At linear order in n, one must include
sequences in which the particle undergoes arbitrarily many scatterings at a given obstacle, then moves to
a different obstacle and scatters there arbitrarily many times, and so on—subject to the crucial constraint
that no previously visited obstacle is revisited after the tracer has interacted with a different obstacle.
Processes that violate this nonrevisiting condition (i.e. returns to an earlier obstacle after encountering
another) contribute only beyond first order in n and are therefore excluded at this level. Consequently,
the linear-in-n scattering series is built from free propagations interspersed with single-obstacle scattering
episodes, each of which is completely characterized by the single-impurity t-matrix. The single-obstacle
scattering operator t̂ satisfies

t̂= v̂+ v̂Ĝ0 t̂= v̂+ t̂Ĝ0v̂ . (29)

The only nonvanishing matrix elements for an obstacle located in the origin are the obstacle
site e0 = 0 and its nearest neighbors e±2 =±ey,e±1 =±ex. To be definite, the distinguished basis is
B = (−ey,−ex,e0,ex,ey); see figure 2. Since the potential v̂ displays nonvanishing contributions only in
the distinguished basis r ∈ 0∪N it is sufficient to consider equation (29) in such a subspace only. The
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bare propagator reads

G0 =


g00 g11eF/2 g01 g11e−F/2 g02

g11e−F/2 g00 g10e−F/2 g20e−F g11e−F/2

g01 g10eF/2 g00 g10e−F/2 g01
g11eF/2 g20eF g10eF/2 g00 g11eF/2

g02 g11eF/2 g01 g11e−F/2 g00

 . (30)

Some comments are in order. The quantity glm denotes the propagator for l steps along the x direction
and m steps along the y direction. The entries of this matrix can be readily obtained by referring to the
distinguished basis illustrated in figure 2. For the sake of clarity, we illustrate how to find them through
some examples. The element (1,3) represents the jump from e0 to −ey, therefore it corresponds to the
propagator with l= 0 and m= 1, this yields g01. Then, the entry (4,1) corresponds to the jump from
−ey to ex, therefore it is associated with l= 1 and m= 1 and since the jump is parallel to the force, the
propagator is multiplied by exp(F/2), for the reasons proved in appendix A, this gives g11 exp(F/2). The
free propagators are defined via g10(s) := ⟨ex|Ĝ0(s ′)|0⟩, g11(s) := ⟨ex|Ĝ0(s ′)|ey⟩, g01(s) := ⟨0|Ĝ0(s ′)|ey⟩,
g02(s) := ⟨0|Ĝ0(s ′)|2ey⟩= ⟨ey|Ĝ0(s ′)|−ey⟩. Note that the entries of the matrix G0 are the propagators in
the presence of the external force F. As we showed in appendix A, the presence of the bias amounts to
the factor e±F/2 in front of the free propagator which is computed at the shifted frequency s ′ ≡ s+Γ−
1. Therefore, e.g., g00 in (equation (30)) stands for g00(s ′). The quasi-confinement along y implies that
the transition amplitudes for n steps along x differ from the corresponding one for n steps along y, e.g.,
g10 ̸= g01 and the equality is restored only in the limit L→∞.

The solution of the scattering problem (equation (29)) amounts to solve a 5× 5 matrix problem,
something that can be conveniently pursued with the aid of symbolic computation programs. At a for-
mal level, the solution is

t= Sv , (31)

where the S-matrix is

S= (1− vG0)
−1 . (32)

Although this procedure is mathematically well-posed, the actual expression for the matrix t turns out
to be rather cumbersome. In appendix C we show how to implement the symmetries of the problem in
order to reduce the computational complexity involved in the required matrix calculations.

4. Velocity relaxation

The time-dependent velocity response can be obtained from the characteristic function via
i∂2F(k, t)/∂t∂kx|k= 0; the corresponding expression in Laplace domain reads is∂[G]av(k)∂kx|k= 0. More
explicitly, to first order in the obstacle density, we obtain

v̂(s) =
v0
s
+ n

v0
s
+ n

i
s

N∂t(k)

∂kx

∣∣∣∣
k= 0

, (33)

where v0 is the drift velocity in the absence of obstacles. The velocity at short times can be inferred from
the high-frequency behavior since v(t→ 0) = lims→∞ ŝv(s) = (1− n)v0; this result can be interpreted as
the bare velocity corrected by the fraction of accessible sites. This outcome follows because in the limit
s→∞ the third term in (equation (33)) becomes twice the negative of the second. For long times a
nonequilibrium stationary state is reached and the tracer attains the terminal velocity v(t→∞), the lat-
ter is completely determined by the small-frequency behavior via the limit v(t→∞) = lims→0 ŝv(s).

The obstacle-induced contribution to the velocity is completely encoded in the derivative of the for-
ward scattering matrix in plane-wave basis, which we write as follows

i∂kxNt(k)
∣∣
k= 0

=−
√
10⟨px |̂t|n⟩ . (34)

This result has been obtained by employing the symmetry-adapted basis outlined in appendix C
which is inspired by the problem in absence of driving [60]. Although some of the symmetries are lost
due to the driving, the residual symmetries are conveniently handled by the orthogonal transformation

8
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Figure 3. The function VL(F;0) as a function of F for some values of the quasi-confinement size L. Symbols show the results
obtained from stochastic simulations.

Figure 4. Time-dependent approach to the stationary velocity v(t)− v(t→∞) normalized to its initial value. Symbols corre-
spond to simulations with n= 10−3 and F= 1, solid lines represent the theoretical predictions. The inset represents the same
quantity on logarithmic scales.

used in absence of driving. The right-hand side of equation (34) is expressed in terms of a matrix ele-
ment involving the forward scattering t-matrix. The vector |n⟩ is related to conservation of probability
via ⟨n|v̂= 0, it is therefore a ‘neutral mode’. The vector |px⟩ is reminiscent of a ”dipole” oriented along
the x-axis. In general, the matrix t(k) in plane-wave basis can be decomposed into different channels
corresponding to the aforementioned modes, as well as the dipole |py⟩, the quadrupole |dxy⟩, and the
s-wave |s⟩. Rather elegantly, for the calculation of the velocity response the only nonvanishing contribu-
tion is the one that couples the neutral mode to the px-channel.

It turns out to be convenient to factor out the bare velocity by writing the left-hand side as
i∂kxNt(k)

∣∣
k= 0

= v0VL(F; s). By taking the low-frequency limit of equation (33), we find the terminal
velocity

v(t→∞) = v0 + nv0 + nv0VL(F;0) . (35)

The analytical expression of the function VL(F; s) turns out to be rather cumbersome to be reported
here; nevertheless, in appendix D we show the explicit result for the case L= 2. The procedure to obtain
VL(F; s) is illustrated in appendix C.2 and explicit results for this function are available for any L in the
supporting Mathematica script [66].

A plot of VL(F;0) as a function of F is provided in figure 3.
The velocity in Laplace domain can be written as v̂(s) = v0/s+ n∆v̂(s), where the response term is

∆v̂(s) = [v0 + v0VL(F; s)]/s. The velocity in the time domain can be obtained by inverting the Laplace
transform, therefore we can write v(t) = v0 + n∆v(t), where ∆v(t) is the inverse Laplace transform of
∆v̂(s). The inversion is performed numerically by means of a suitable Filon formula [67]. An effective
way to analyze the approach of the velocity v(t) to its terminal value is to consider the normalized veloc-
ity response defined as δv(t) = v(t)− v(t→∞) rescaled to its initial value δv(0) = v(0)− v(t→∞). In
figure 4, we successfully tested the normalized velocity response δv(t)/δv(0) for several values of the
confinement size L obtained from both theory and simulations for the intermediate value F= 1.0. We
observe that the increase of the confinement size yields a faster relaxation of the velocity to its final
value. As a result, a strong confinement—i.e., a small L— is accompanied by a slow relaxation, while
for the unbounded model (L=∞) the relaxation is the fastest possible, as illustrated in figure 4.

It is meaningful to ask what is the role played by the strength of the driving for a certain confine-
ment L. This is addressed in the plot of figure 5 in which the normalized velocity response is plotted
in double-logarithmic scale for several values of the force at L= 2 and, for comparison, also L=∞.
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Figure 5. Time-dependent approach to the stationary velocity v(t)− v(t→∞) normalized to its initial value. Symbols cor-
respond to simulations with n= 10−3. Solid and dashed lines represent the theoretical predictions for L= 2 and L=∞,
respectively.

Interestingly, as F→ 0 the velocity approaches the asymptotic value with a power law t−1/2, this is
shown in figure 5 with a dashed black line for L= 2, however this feature persists for any finite L. For
comparison we also illustrate the relaxation for the unbounded model, in this case the decay is charac-
terized by the power law t−1, as shown with the solid black line in figure 5.

These different exponents can be obtained as follows: within linear response—legitimate for the
regime F→ 0—the tail t−(d+2)/2 is inherited from the long-time decay of the VACF; in particular, the
velocity approach is given by δv(t) =−F

´∞
t Z(t ′)dt ′. Figure 5 also shows that even for a very small

driving the relaxation is no longer a pure power law. In fact, the power-law tail is termed ‘fragile’ in the
sense that any arbitrarily small but finite driving entails a decoration of the power law with an exponen-
tial decay in the external force, as shown in figure 5 and in the inset of figure 4. Hence, the drift v(t)
approaches the stationary state v(t→∞) exponentially fast even for an arbitrarily small but finite driv-
ing force F, a result in strong contradistinction to the FDT predicting a slow algebraic approach.

5. Fluctuations along the force

In the presence of an external force the system relaxes towards a nonequilibrium stationary state. The
latter is characterized by a terminal velocity which has been obtained in section 4 by analyzing the first
moment of the displacement along the force. Higher-order moments—all of them obtainable with the
scattering approach—provide a valuable tool for the characterization of fluctuations in the nonequilib-
rium stationary state. This section presents the analysis of fluctuations captured by the second moment
in the direction of the force and their interplay with driving and confinement. The quantity of interest is
the variance of the displacement,

Var(t) = ⟨∆x(t)2⟩− ⟨∆x(t)⟩2 , (36)

where ⟨∆x(t)2⟩ is the mean-square displacement along the force. Other quantities that we will consider
are the time-dependent diffusion coefficient,

D(t) :=
1

2

d

dt
Var(t) , (37)

the local exponent α(t) of the variance defined via

α(t) :=
dlnVar(t)

dln t
=

2D(t)t

Var(t)
, (38)

and the velocity-autocorrelation function,

Z(t) :=
1

2

d2

dt2
Var(t) . (39)

In section 5.1 we will examine Z(t) and the long-time diffusion coefficient D(t→∞) in equilibrium.
The analysis of the fluctuations along the force for the nonequilibrium setup (F> 0) as well as the force-
induced diffusion coefficient are discussed in section 5.2.
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5.1. VACF and diffusion coefficient at equilibrium
We begin with the fluctuations in the absence of the external force. From equations (37) and (39) the
VACF can be equivalently defined in term of the time-dependent diffusion coefficient as

Z(t) =
dD(t)

dt
. (40)

It is convenient to pass to the frequency domain by using the Laplace transform defined via D̂(s) :=
L{D(t)}(s) =

´∞
0 e−stD(t)dt. Once equation (40) is translated in frequency domain, we have Ẑ(s) =

sD̂(s). In order to find Z(t) we first compute D(t) by inverting the Laplace transform D̂(s) and finally
we perform the time derivative to find the VACF through equation (40).

The time-dependent diffusion coefficient in the frequency domain follows by the rules of the Laplace
transform,

D̂(s) = (s/2)L{⟨∆x(t)2⟩}(s) . (41)

The mean-square displacement is obtained by taking successive kx-derivatives of the disorder-averaged
propagator, which in frequency domain becomes

L{⟨∆x(t)2⟩}(s) =− ∂2

∂k2x
[Gav]

c(k)]

∣∣∣∣
k= 0

=− ∂2G0

∂k2x

∣∣∣∣
k= 0

+ n

[
−∂

2G0

∂k2x
−G 2

0
∂2Nt(k)

∂k2x

]
k= 0

. (42)

We stress that for the unbiased motion (F= 0) there is no average motion of the tracer along the
unbounded direction. Therefore the first nontrivial cumulant is given by the mean-square displacement
⟨∆x(t)2⟩. The result simplifies to

∂2Nt(k)

∂k2x

∣∣∣∣
k= 0

= 4⟨px |̂t|px⟩+
√
5⟨dxy |̂t|n⟩− ⟨s|̂t|n⟩ , (43)

however, in equilibrium only the first term contributes, this is given by ⟨px |̂t|px⟩= 1/∆L(s) and ∆L(s)
:= 4− g00(s)+ g20(s). Again, by using the symmetry-adapted basis a major simplification occurs: the
only nonvanishing matrix element is the ones that couples the dipole px to itself while the other chan-
nels do not contribute; we refer to appendix C for details. Therefore,

ẐL(s) =
1

4
+ n

[
1

4
− 2

∆L(s)

]
. (44)

Here we quote the explicit expressions for the combination of propagators entering in the response con-
tribution to the VACF; for the few lowest values of L we obtain:

∆2(s) = 4
(
−2s+

√
s(s+ 1)+

√
(s+ 1)(s+ 2)− 1

)
∆3(s) =

4

3

(
−6s+ 2

√
s(s+ 1)+

√
(4s+ 3)(4s+ 7)− 3

)
∆4(s) = 2

(
−4s+

√
s(s+ 1)+

√
(s+ 1)(s+ 2)

+
√
4s(s+ 2)+ 3− 2

)
. (45)

It is useful to expand ∆L(s) around s= 0; leaving the details of the derivation in appendix A.3, the
expansion reads

∆L(s) = CL + 8
√
s/L+O(s) , s→ 0 , (46)

where CL is a confinement-dependent constant

CL =−4+
4

L

L−1∑
q=1

√
(2− cos(2π q/L))2 − 1 . (47)
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The diffusion coefficient at infinite times can be obtained by means of the limit Deq
x := limt→∞Dx(t)

= lims→0 sD̂(s) = ẐL(0); this result can be readily obtained by virtue of equation (46), hence we obtain

Deq
x =

1

4
+ n

(
1

4
− 2

CL

)
. (48)

The small-frequency expansion (equation (46)) implies that for s→ 0

ẐL(s) =
1

4
+ n

[
1

4
− 2

CL
+

16

LC2
L

√
s+O(s)

]
. (49)

The leading nonanalytic contribution of order O(s1/2) drops out in the limit L→∞ since the particle is
no longer confined and, as expected, the VACF reduces to

ẐL(s) =
1

4
− n

π− 1

4
+O(s) , (50)

a result that follows from ∆∞(0) = C∞ = 8/π (equation (A21). By taking s→ 0 in the above we retrieve
the well-known diffusion coefficient to order n for the unbounded model [51].

We are now in the position to discuss the VACF in the time domain. To this end, we briefly recall
how to perform the inverse of the Laplace transform. To be definite let us consider the Laplace trans-
form of a function f(t), which is denoted f̂(s)≡

´∞
0 dte−stf(t). If limt→∞ f(t) = 0, then the function f(t)

can be obtained by means of the integral along the imaginary axis in the frequency domain by means of
[60]

f(t) =
2

π

ˆ ∞

0
dωRe

[̂
f(iω)

]
cos(ωt) . (51)

The above computation scheme cannot be directly applied to D̂(s) because D(t) admits a finite nonzero
value Deq

x at infinite times. In order to apply the above procedure we decompose D̂(s) by writing

D̂(s) =
Deq
x

s
+

(
D̂(s)− Deq

x

s

)
, (52)

where D̂(s) is obtained from scattering theory (equation (44)). The inverse of the Laplace transform of
the first term is trivial since it yields the behavior Deq

x t, while for the term in brackets we are allowed to
apply the scheme mentioned above. Therefore the time-dependent diffusion coefficient is

D(t) = Deq
x +

2

π

ˆ ∞

0
dωRe

[
D̂(iω)− Deq

x

iω

]
cos(ωt) . (53)

By performing a derivative with respect to the time we obtain the VACF in time domain, thus a simple
rearrangement yields

ZL(t) =
4n

π

ˆ ∞

0
dω Im

[
1

∆L(iω)

]
sin(ωt) . (54)

The convergence of the integral is assured since the integrand behaves as ω−1 for ω→∞ and sin(ωt)/ω
is integrable. From the low-frequency behavior (equation (46)) we infer that the VACF exhibits a long-
time tail of the form

ZL(t)∼−ALnt
−3/2 , t→∞ , (55)

where AL is the L-dependent prefactor

AL =
8√
πLC2

L

. (56)

For any finite L the prefactor AL is finite while for L→∞ we have AL ∼ p/L with coefficient p= π3/2/8.
For the sake of completeness, the occurrence of the long-time tail ∝ t−3/2 has been reported for a
one-dimensional Lorentz-type model [68] although in such a model the VACF exhibits an oscillatory
behavior.
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Figure 6. The VACF rescaled to its asymptotic tail−nALt
−3/2
L . The dashed black line indicates the exact long-time tail∝ t̃−3/2,

the dot-dashed corresponds to the transient tail∝ t̃−2.

For large but finite L there exists a transient time domain in which the decay is of the form ∝ t−2

and the long-time tail ∝ t−3/2 is ultimately attained for t≫ tL where tL ∝ L2/D is the time scale associ-
ated to the exploration of the periodic direction. Hence, we plot the VACF rescaled to its asymptotic tail
(equation (55)) as a function of the rescaled time t̃ := t/tL; without loss of generality we can take tL ≡ L2

and the result we obtain is the shown in figure 6. We observe that the data collapse to the master curve
protracts from large scaled times t̃≫ 1 down to small times t̃≪ 1 upon increasing L. We further note
that the scaling breaks down for microscopic times t= O(τ); in terms of rescaled times this implies a
behavior proportional to t̃−2 for t̃≫ τ/tL and t̃−3/2 for t̃≫ 1. In the limit L→∞ and t→∞ with fixed
t/tL the data exhibit a collapse onto a single master curve whose behavior at large times is t̃−3/2 while
for short times it behaves as π−1/2̃t−2, these asymptotic power laws are indicated with dashed and dot-
dashed black curves in figure 6.

The black curve in figure 6 is obtained by inverting ẐL(s) for the unbounded model. The latter
is formally obtained by taking the limit L→∞ in ẐL(s) = [1+ n(1+VL(0, s))]/4, where VL(0; s) =
−8/∆L(s) is the function already discussed in the context of the velocity relaxation, however, in this case
it is evaluated for F= 0 and s ̸= 0. As anticipated, the limit can be performed at a formal level while its
implementation is far from being trivial since propagators themselves are expressed as a sum over modes
ky = 2π q/L labeled by an integer running from q= 1 to q= L− 1; we refer to appendix A for further
details on lattice Green’s functions. Nonetheless, results for L→∞ are more conveniently retrieved sim-
ply by examining the solution of the unbounded model which yields [51, 58], in our notations,

V∞(0; s) =
2π

π s− 2(1+ s)E[(1+ s)−2]
, (57)

where E[κ] =
´ π/2
0 dθ

(
1−κ sin2 θ

)1/2
is the complete elliptic integral of the second kind [69, 70]; in this

paper we adopted Mathematica’s convention for elliptic integrals. For the sake of completeness we also
provide the quantity ∆L(s) for the unbounded model. The matrix element of the forward-scattering
matrix can be expressed in terms of an elliptic integral and the result takes the form

∆∞(s) =−4s+
8

π
(1+ s)E[(1+ s)−2]

=
8

π
+

[
−4+

4

π
+

12

π
ln2

]
s− 4

π
s ln s+O(s2) ,

the last line holds as s→ 0 and is useful for the analysis of the long-time tail. The small-frequency
expansion of the VACF contains smooth terms in s and the first nonanalytic term in such an expan-
sion is proportional to s ln s with prefactor −π/8. The latter yields the leading form of the long-time tail
which, including the prefactor, is

Z∞(t)∼−πn
8
t−2 , t→∞ , (58)

a result that can be obtained by virtue of Tauber’s theorem (see, e.g. [71]).
In appendix C.4 we extend the above analysis to the time-dependent diffusion coefficient and its

scaling form analogous to the one shown in figure 6 for the VACF.
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Figure 7. Force-induced diffusion coefficient Dind
x [corrected by the empty lattice Dind

x (n= 0)] in units of the bare diffusion
coefficient D0

x(F). Results from simulations are indicated with circles, the analytical result corresponds to solid lines.

5.2. Diffusion coefficient andmean-square displacement away from equilibrium
We now present results for the nonequilibrium setup with arbitrarily strong pulling force F. The first
quantity we discuss is the long-time diffusion coefficient and how it is affected by the size L of the
quasi-confinement. A convenient way to isolate the effect of the force is to consider the force-induced
diffusion coefficient

Dind
x = Dx(t→∞)−Deq

x (t→∞) , (59)

where Deq
x (t→∞) is the L-dependent long-time diffusion coefficient in the absence of driving

(equation (48)); clearly, the force-induced diffusion coefficient depends on the obstacle density, force
and confinement, thus, Dind

x ≡ Dind
x (F,n,L). The theory gives for the long-time diffusion coefficient

Dx(t→∞) := D0
x(F)+ nΞL(F)+O(n2) , (60)

where ΞL(F) is known exactly for any system size L and arbitrary force F. We emphasize that the force-
dependent first-order correction ΞL(F) is defined as

ΞL(F) = lim
n→0

Dx(t→∞)−D0
x(F)

n
, (61)

where D0
x(F) is the bare diffusion coefficient (equation (21)) and the long-time diffusion coefficient is

obtained from its Laplace transform, Dx(t→∞) = lims→0 sD̂(s), with D̂(s) is obtained from the scat-
tering formalism, as explained in appendix B. Explicit analytical results for ΞL(F) are available in the
supporting Mathematica script [66]. In particular, for F= 0 one finds ΞL(0) = (1/4)− 2/CL recover-
ing equation (48). In order to single out the effects due to the disorder we consider the force-induced
diffusion coefficient corrected by the empty lattice (n= 0), this subtraction entails

Dind
x −Dind

x (F,n= 0,L) = n
[
ΞL(F)−ΞL(0)

]
. (62)

The above quantity is extracted in simulations and compared to theory in figure 7.
The analytical solution shows that for any finite L the corrected force-induced diffusion coefficient

(equation (62)) vanishes as bL|F| for F→ 0. This linear behavior contrasts with the asymptotic behavior
∝ nF 2 ln |F| observed for the unbounded model [59, 60]. The constant bL decreases as L increases and it
can be calculated for any L; here some values: b2 = (12+ 7

√
2)/8, b3 =

(
31+ 5

√
21
)
/48. As a result of

the confinement, the corrected force-induced diffusion coefficient for small driving is enhanced by orders
of magnitude with respect to the unconfined model. A completely different scenario is observed for large
forces F≳ 6. Irrespective of the size L the force-induced diffusion coefficient retrieves the asymptotic
expression for the unbounded model,

Dind
x =

n

16
e3F/2 +O(eF) , F→∞ , (63)

whose leading asymptotic behavior is indeed size-independent. Therefore, L-dependent corrections
appear only in terms subdominant to exp(3F/2) as F→∞.

Another intriguing feature is a critical force Fc,L; for F< Fc,L, increasing disorder suppresses the
long-time diffusion coefficient, i.e., Dx(t→∞)< D0

x. Then, for F> Fc,L increasing the obstacle den-
sity yields an enhancement of the diffusivity, as shown in the inset of figure 7. Some values of Fc,L are
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Table 1. The critical force Fc,L and the constant CL for several values of the
quasi-confinement size.

L Fc,L CL CL(approx)

2 0.4723 4
√
2− 4 1.6569

3 0.9556 4
√

7/3− 4 2.1101

4 1.2412 2
√
2+ 2

√
3− 4 2.2925

5 1.3597 4
5

√
35+ 2

√
205− 4 2.3818

6 1.4088 2
3

(
2
√
2+

√
5+

√
21
)
− 4 2.4314

∞ 1.4495 8/π 2.5465

Figure 8. Time-dependent local exponent of the variance α(t) along the force for n= 10−4. Simulation data are indicated with
symbols, the theoretical prediction is indicated with solid lines.

tabulated in table 1. The analytical solution of the model allows us to conclude that the above scenario
actually occurs for any choice of the confinement size L. Upon decreasing size L the critical force Fc,L
reduces from Fc,∞ ≈ 1.45 to Fc,2 ≈ 0.47 and, as a result, the domain in which the disorder suppresses
fluctuations shrinks. The decreasing of the threshold value Fc,L means that confinement favors the onset
of enhancement of the disorder-induced diffusivity.

The theory shows that for any value of the force strength and confinement the variance of the dis-
placement grows linearly in time in the large-time regime. From the resulting prefactor we can deter-
mine the diffusion coefficient in the nonequilibrium stationary state. The actual value of the long-time
diffusion coefficient can be orders of magnitude higher than the one in absence of driving. This picture
persists in the presence of confinement although confinement-induced effects on the diffusion coefficient
become minute at large forces. On the other hand, the confinement plays a major role at small forces. In
particular, the force-induced diffusion coefficient increases upon confining. Furthermore, the nature of
the nonanalytic behavior at F→ 0 depends sensitively on the confinement.

The complete time-dependent behavior of the variance can be accessed by means of the scattering
formalism. In figure 8 we show the comparison between theory and simulations for the time-dependent
behavior of the local exponent of the variance for the specific case L= 2. The results of figure 8 show
the emergence of a transient superdiffusive behavior at intermediate times. For fixed time, the local
exponent α(t) increases upon increasing the force. However, for forces larger than the ones shown in
the figure the exponent saturates to α(t) = 3 as in the unbounded model [59] but still transiently, i.e.,
the saturation occurs as a peak that spreads forming a plateau in a certain time-window. Further simula-
tions we performed at L= 2 indicate that upon lowering the obstacle density the exponent α(t) increases
and the peak shifts to shorter times, in close analogy to the unbounded model. Then, for all values of
the force the behavior α(t) = 1 is retrieved both at short and infinite times, as shown in figure 8.

6. Summary and conclusions

In this paper we have solved for the first time the complete time-dependent dynamics of a tracer particle
exploring a random landscape of impurities in a quasi-confined channel under the action of an arbitrar-
ily strong driving force. After mapping the master equation describing the site-occupation probability
onto a Schrödinger equation, we introduced the obstacles on the lattice by modeling them as impene-
trable sites. Then, by treating the obstacles as perturbations of a free Hamiltonian, we illustrated how to
employ the quantum-mechanical scattering formalism in order to find the disorder-averaged propagator
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exact to first order in the obstacle density. This is achieved by solving the scattering problem for a single
impurity, a 5× 5 matrix problem that can be tackled with the aid of computer algebra.

We find that—already in equilibrium—the quasi-confined lattice Lorentz model in the absence of
the external force displays the intriguing feature of a dimensional crossover. We showed this property by
an exact analysis of the equilibrium VACF. The latter is characterized by a transient long-time tail of
the form t−2 — reminiscent of the unbounded model —, while the long-time asymptotic behavior is
a power law ∝ t−3/2. These different behaviors can be rationalized in terms of a dimension-dependent
long-time tail of the form t−(d+2)/2. The analytical solution shows that for any finite L the effective
dimensionality is d= 1 at large times while d= 2 at intermediate times. The two regimes are separated
by a size-dependent time scale tL = L2/D which can be interpreted as the time to explore the confined
(transverse) direction.

We then switched on the driving force. When the tracer particle is pulled, a nonequilibrium sta-
tionary state is reached in which the average motion occurs with a force-dependent terminal velocity
that we found analytically. The instantaneous velocity relaxes towards its terminal value via a power law
t−(d+2)/2 decorated with an exponential time-dependence due to the force; the effective dimensional-
ity is d= 1 for any finite confinement L. As a result, the long-time tail is fragile, as for the unbounded
model (where d= 2). We analyzed the fluctuations of the tracer in the direction parallel to the force.
For large times the variance of the displacement along the force grows linearly with time and its prefac-
tor is a force-dependent and confinement-dependent diffusion coefficient. For large forces the confine-
ment plays a minor role, as expected on an intuitive basis since the particle hops rarely in the confined
direction. On the other hand the diffusion coefficient turns out to be sensitive to the confinement in
the regime of small driving. In this regime the force-dependent diffusion coefficient of the unbounded
model exhibits nonanalytic behavior of the form F 2 ln |F|. The occurrence of nonanalyticity persists upon
confinement, now with a nonanalytic behavior of the form bL|F|, with an amplitude bL that we obtained
analytically. Although it is expected the suppression of diffusivity upon increasing the disorder, we found
that this is true only when the force is smaller than a critical force Fc,L. Quite interestingly, if F> Fc,L
then the increase of disorder leads to an enhanced diffusivity. We find that Fc,L decreases upon increas-
ing L, meaning that the onset for the disorder-enhanced diffusion regime is favored by the confinement.
Finally, the complete time-dependent solution shows that the behaviors at short and large times are
interpolated by a transient superdiffusive behavior. We characterized this feature in terms of the local
exponent of anomalous diffusion α(t) by showing how it increases upon increasing the force. In this
regard, especially for large forces, the confined model behaves analogously to the unbounded one and
therefore the saturation to α(t) = 3 appears transiently, followed by diffusion at long times.

An important point should be made explicit. For any finite obstacle density n> 0, there is a nonzero
probability that the channel contains a blocking cluster of obstacles. As the tracer explores longer and
longer distances, the probability of encountering such a cluster approaches unity; hence, at sufficiently
long times the tracer becomes immobilized. Consequently, in the infinite-time limit, transport coeffi-
cients such as the diffusion coefficient vanish for any finite n. This implies the existence of a clogging
time scale t∗(n,F) (depending on n and possibly on the drive F) beyond which clogging dominates.
Our numerical simulations probe the preasymptotic regime t≪ t∗; within this time window the tracer
remains mobile and no clogging is observed.

To conclude, we showed how to solve exactly the lattice Lorentz model in the presence of quasi-
confinement and how this model provides highly nontrivial insights on the behavior of a strongly inter-
acting system out of equilibrium. Looking at future perspectives, it would be interesting to investigate
the quasi-confinement in a three-dimensional system with periodicity in two directions. This is actually
possible by amalgamating the techniques presented in this paper for the quasi-confinement together with
the solution of the unbounded three-dimensional model [61]. In such a case, a richer variety of dimen-
sional crossovers is expected; we plan to address this issue in the near future.
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expansion of propagators. In appendix B we show how to express the variance of the displacement in
terms of quantities accessible in the scattering formalism. Finally, appendix C provides numerous details
involved in the calculations within the scattering formalism.
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Appendix A. Green’s functions

In this appendix we will obtain the expression for the propagators in the domain with periodic bound-
ary conditions. We will first consider the propagators in the absence of bias in section A.1. The case of
biased propagators will be examined in section A.2.

A.1. Green’s functions on the cylinder
The explicit form of the propagator in the basis of lattice sites |r⟩ can be obtained from the conditional
probability in the plane-wave basis. The probability to find the tracer at site r at time t, given that it
started its motion at position r ′ at time t= 0 is

⟨r|Û0(t)|r ′⟩=
1

N

∑
k ∈Λ∗

eik·(r−r
′) exp[ϵ(k)t] , (A1)

where ϵ(k) = ϵx(kx)+ ϵy(ky), with ϵx(k) = ϵy(k) = (−1/4)(1− cosk) is the eigenvalue of the free
Hamiltonian Ĥ0 associated to the bare dynamics, i.e. ⟨k|Û0(t)|k ′⟩= exp[ϵ(k)t]δ(k,k ′), where δ(k,k ′) is
the Kronecker delta. By virtue of translational invariance we can set r ′ = 0 without loss of generality. In
the limit of an infinitely long cylindrical lattice (Lx →∞) the sum over kx can be replaced by an integral
kx ∈ [−π,π[, thus we obtain the following representation

⟨r|Û0(t)|0⟩=
1

L

L−1∑
q=0

exp

(
2π iqy
L

+ ϵy(2π q/L)t

)
×
ˆ π

−π

dkx
2π

eikxx exp[ϵx(kx)t] .

(A2)

The conditional probability in the Laplace domain can be written as a resolvent of the Hamiltonian Ĥ0

by virtue of the definition Ĝ0(s) :=
´∞
0 dt e−stÛ0(t) = (s− Ĥ0)

−1. In the basis of position kets, the above
are known as lattice Green functions. For the case we are examining, we have

⟨r|Ĝ0(s)|0⟩=
1

L

L−1∑
q=0

exp

(
2π iqy
L

)ˆ π

−π

dkx
2π

eikxx

s+ 1− [cos(kx)+ cos(2π q/L)]/2
. (A3)
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The integral can be performed relying on the residue theorem, a simple calculation gives

⟨r|Ĝ0(s)|0⟩=
2

L

L−1∑
q=0

exp(2π iqy/L)

(
2s+ 2− cos(2π q/L)−

√
[2s+ 2− cos(2π q/L)]2 − 1

)|x|

√
[2s+ 2− cos(2π q/L)]2 − 1

. (A4)

A.2. Green’s functions with biasing force
Let us commence by considering the propagator in the time domain. The integral in (A2) can be iden-
tified as the integral representations of the modified Bessel function of the first kind of integer order m
[72]

Im(z) =

ˆ π

−π

dk

2π
eikm exp[zcos(k)] ; (A5)

hence, the conditional probability in the site basis (with no bias) is

⟨r|Û0(t)|0⟩0 = e−t/2Ix(t/2)
1

L

L−1∑
q=0

exp

(
2π iqy
L

+ ϵy(2π q/L)t

)
; (A6)

the subscript denotes the propagator without bias. Let us consider now the biased motion. The propaga-
tor can be found from (A2) and the integration over kx can be performed by using the following result

ˆ π

−π

dk

2π
eikx+α cosk−iβ sink =

(
α+β

α−β

) x
2

Ix(
√
α2 −β2) , (A7)

where Ix(·) is a modified Bessel function of the first kind of order x. Taking α= (t/2)cosh(F/2) and
β = (t/2) sinh(F/2), the above formula yields

⟨r|Û0(t)|0⟩= e−t(Γ−1)eFx/2⟨r|Û0(t)|0⟩
∣∣
F=0

, (A8)

where ⟨r|Û0(t)|0⟩
∣∣
F=0

is the propagator for the unbiased case (F= 0) given by (A2). Passing to Laplace
domain

⟨r|Ĝ0(s)|0⟩=
eFx/2

L

L−1∑
q=0

exp

(
2π iqy
L

)
×
ˆ ∞

0
dte−rqt/2Ix(t/2) ,

(A9)

where rq = 2s+ 2Γ− 2ϵy(2π q/L)− 1, or equivalently, rq = 2s+ 2Γ− cos(2π q/L); parenthetically, we
observe that rq is a nonnegative number, i.e., rq > 2s+ 2Γ− 1> 2s. The t-integral can be performed by
using the identity

ˆ ∞

0
dze−z coshθIx(z) =

e−xθ

sinhθ
. (A10)

Summarizing, the biased propagator in Laplace domain is given by

⟨r|Ĝ0(s)|0⟩=
2eFx/2

L

L−1∑
q=0

exp

(
2π iqy
L

) [
rq − (r2q − 1)1/2

]x
(r2q − 1)1/2

. (A11)

Note that when F= 0 we have rq|F=0 = 2s+ 2− cos(2π q/L) and (A11) reduces to the free propaga-
tor given in (A4). The counterpart of (A8) in Laplace domain is implemented by shifting the Laplace
parameter from s to s+Γ− 1, i.e.

⟨r|Ĝ0(s)|0⟩= eFx/2
(
⟨r|Ĝ0(s)|0⟩

∣∣
F=0,s7→s+Γ−1

)
. (A12)

For convenience we single out the exponential factor in the above and we write the propagator as
exp(Fx/2)gxy(s).
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A.3. Low-frequency expansion
Here we show how to determine the low-s behavior of propagators on the cylinder, focusing specifically
on the quantity ∆L(s) = 4−⟨0|Ĝ0(s)|0⟩+ ⟨2ex|Ĝ0(s)|0⟩. It is convenient to introduce ψq > 0 defined as
the positive root of

coshψq = 2s+ 2− cos(2π q/L) . (A13)

Thanks to this definition the numerator in equation (A4) simplifies considerably,

2s+ 2− cos(2π q/L)−
√

[2s+ 2− cos(2π q/L)]2 − 1= coshψq − sinhψq = e−ψq . (A14)

Analogously, the denominator is √
[2s+ 2− cos(2π q/L)]2 − 1= sinhψq . (A15)

The propagators we need are:

g00 =
2

L sinhψ0
+

2

L

L−1∑
q=1

1

sinhψq
, g20 =

2e−2ψ0

L sinhψ0
+

2

L

L−1∑
q=1

e−2ψq

sinhψq
, (A16)

and therefore

∆L(s) = 4− 4

L
e−ψ0 − 4

L

L−1∑
q=1

e−ψq . (A17)

The low-s behavior of the first exponential in the above is

e−ψ0 = coshψ0 − sinhψ0

= 1+ 2s− 2
√
s(s+ 1)

= 1− 2
√
s+O(s) . (A18)

Analogously, for the second exponential we have

e−ψq = 2− cq −
√
3− 4cq + c2q +O(s) , cq := cos(2π q/L) . (A19)

Recalling the identity
∑L−1

q=1 cq =−1 it is immediate to find

∆L(s) = CL +
8

L

√
s+O(s) , (A20)

where CL is the confinement-dependent constant given by equation (47); see table 1 for some values.
The limiting value C∞ := limL→∞CL is easily calculated

C∞ =−4+
2

π

ˆ π

−π
dx
√
3− 4cosx+ cos2 x=

8

π
.

We can actually push the expansion to order O(s), a similar although rather lengthy calculation gives

∆L(s) = CL +
8

L

√
s+ ELs+O(s3/2) , (A21)

with

EL =−8+
8

L
+

8

L

L−1∑
q=1

2− cos(2π q/L)√
(2− cos(2π q/L))2 − 1

. (A22)

A careful analysis via Euler–Maclaurin is required in order to find how EL grows with L. Omitting the
lengthy details, for large L we find the asymptotic result

EL =−4+
4

π
+

12

π
ln2+

8

π

(
γ− 1

2
+ ln

L

2π

)
+O(L−1) , (A23)
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where γ = 0.577 2156... is Euler–Mascheroni constant. The above result implies that

∆L(s) =
8

π
+

(
−4+

4

π
+

12

π
ln2

)
s+

8

π

(
γ− 1

2
+ ln

L

2π

)
s+O(L−1) . (A24)

Notice that the first two terms in the above expression correctly recover the smooth part of the corre-
sponding result obtained for the unbounded model (equation (58)). In order to recover also the singular
term −(4/π)s ln s one can perform a scaling limit such that s→ 0, L→∞ with the variable s̃= sL2 fixed;
for a detailed discussion on this aspect we refer the reader to appendix C.4.

Appendix B. Variance of the displacement

The variance of the displacement is defined by Var(t) = ⟨∆x(t)2⟩− ⟨∆x(t)⟩2. The first moment of the
displacement can be decomposed into a contribution stemming from the empty lattice and a response
one due to the obstacles. To first order in the density we have

⟨∆x(t)⟩= v0t+ n

ˆ t

0
dt ′∆v(t ′) . (B1)

An analogous decomposition is employed for the second moment, hence

⟨∆x(t)2⟩= 2D0
xt+(v0t)

2 + n∆Rx(t) . (B2)

To first order in n, the variance is

Var(t) = 2D0
xt+ n

[
∆Rx(t)− 2v0t

ˆ t

0
dt ′∆v(t ′)

]
. (B3)

In the following we show how to express ∆v(t ′) and ∆Rx(t) in terms of quantities that are accessible
in the analytical framework formulated in Laplace domain. Passing to frequency domain and using the
identity

L{t
ˆ t

0
dt ′ g(t ′)}(s) = 1

s2
(1− s∂s) ĝ(s) , (B4)

the variance becomes

V̂ar(s) =
2D0

x

s2
+ n

[
∆̂Rx(s)− 2

v0
s2
(1− s∂s)∆̂v(s)

]
. (B5)

The rest of this section is devoted to express ∆̂Rx(s) and ∆̂v(s) in terms of the forward scattering ampli-

tude in plane-wave basis. To begin, we consider the velocity response, ∆̂v(s). Passing to frequency
domain, the average displacement reads

L{⟨∆x(t)⟩}(s) = i∂kx [G]av(k)|k= 0

= i∂kx [G0 + n
(
G0 +NtG 2

0

)
]|k= 0

=
v0
s2

+ nŴ(s) ,

in the last line we used i∂kxG0|k= 0 = v0/s2 and we introduced

Ŵ(s) := i∂kx
(
G0 +NtG 2

0

)
|k= 0 . (B6)

Since v(t) = (d/dt)⟨∆x(t)⟩, equation (B6) implies that

v̂(s) = sL{⟨∆x(t)⟩}(s)

=
v0
s
+ nsŴ(s) . (B7)

By using the decomposition into bare contribution plus response (equation (B1)), the average velocity in
Laplace domain reads

v̂(s) = L{v(t)}(s)
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= L{∂t∆⟨x(t)⟩}(s)
= L{v0 + n∆v(t)}(s)

=
v0
s
+ n∆̂v(s) , (B8)

by matching equation (B7) with equation (B8), we find

∆̂v(s) = sŴ(s) . (B9)

We follow the very same guidelines for the second moment of the displacement. The scattering for-
malism allows us to identify the function ∆̂Rx(s) appearing in the obstacle-induced effects to the second
moment of the displacement. From the disorder-averaged propagator we find the second moment

L{∆x(t)2⟩}(s) = i2∂2kx [G]av(k)|k= 0

=
2D0

x

s2
+

2v20
s3

+ n∆̂Rx(s) , (B10)

where

∆̂Rx(s) =
[
−∂2kxG0 − 4G0(∂kxG0)(∂kxNt)−G 2

0 (∂
2
kxNt)

]
|k= 0 . (B11)

By using the above expressions the variance in Laplace domain becomes

V̂ar(s) =
2D0

x

s2
+ n

[
∆̂Rx(s)+ 2v0∂sŴ(s)

]
=

2D0
x

s2
+ nQ̂(s) , (B12)

where in the last line we introduced Q̂(s) := ∆̂Rx(s)+ 2v0∂sŴ(s).

It turns out that both ∆̂Rx(s) and Ŵ(s) exhibit poles for s= 0. The behavior at s= 0 is captured by
the Laurent expansion

∆̂Rx(s) =
R3

s3
+

R2

s2
+

R1

s
+O(s0) . (B13)

An analogous representation holds true for the function appearing in the velocity response, i.e.,

Ŵ(s) =
W2

s2
+

W1

s
+O(s0) . (B14)

By combining the above results it follows that Q̂(s) admits the Laurent expansion around s= 0

Q̂(s) =
Q3

s3
+

Q2

s2
+

Q1

s
+O(s0) , (B15)

where Q3 = R3 − 4v0W2, Q2 = R2 − 2v0W1. The third-order pole corresponds to a term ∝ t2 in time
domain, which actually does not occur since Q3 is identically zero by virtue of the identity R3 = 4v0W2.

The asymptotic behavior of the variance at infinite times is fully captured by the low-frequency
behavior, which is dominated by the term Q2. This term actually does not vanish and leads to a linear
growth in time and, as a result, this term is responsible for the obstacle-induced correction to the diffu-
sion coefficient. The diffusion coefficient at infinite times is given by

Dx(t→∞) = lim
s→0

sD̂(s) , (B16)

recalling that

D̂(s) =
s

2
L{Var(t)}(s) = s

2
V̂ar(s) , (B17)

we obtain

Dx(t→∞) = D0
x +

n

2
Q2 (B18)

= D0
x + n

(
R2

2
− v0W1

)
. (B19)
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In linear response we know that Q̂(s) exhibits simple poles for s= 0 of the first and second order
[59]. For numerical purposes it is advantageous to employ a splitting of the function Q̂(s) into the sum
of an analytic function and isolated poles. We therefore define the ‘regularized’ Q̂-function as

Q̂(reg)(s) := Q̂(s)− Q2

s2
− Q1

s
, (B20)

hence; by construction, the function Q̂(reg)(s) vanishes at s= 0. Passing to the time domain,

Q(t) = Q̂(reg)(t)+Q2t+Q1 , (B21)

where Q(reg)(t) formally denotes the inverse of the Laplace transform of Q̂(s); this step is implemented
numerically by a suitable Filon-type algorithm. We can now assemble the result for the variance, which
reads

Var(t) = 2D0
xt+ nQ(t) (B22)

= 2[D0
x + nQ2]t+ n[Q(reg)(t)+Q1] ; (B23)

the first term yields the linear grow of the variance at large times. To conclude, we comment on the
behavior of the term in square brackets, which is responsible for the nontrivial behavior of the complete
time dependence. Since Q̂(reg)(s) is analytic in s= 0 it follows that limt→∞Q(reg)(t) = 0. The behavior
for short times instead is captured by the limit s→∞ in frequency domain; for t→ 0 we find that the
square bracket vanishes.

Appendix C. Scattering formalism in the symmetry-adapted basis

C.1. Orthogonal transformation
In the absence of driving, F= 0, all symmetries exhibited by the single-obstacle problem are encoded in
the dihedral group D4 [59]. These symmetries suggest the change of basis by means of the transforma-
tion induced by the orthogonal matrix

M=


1√
2

0 1
2

1
2
√
5

1√
5

0 1√
2

− 1
2

1
2
√
5

1√
5

0 0 0 − 2√
5

1√
5

0 − 1√
2

− 1
2

1
2
√
5

1√
5

− 1√
2

0 1
2

1
2
√
5

1√
5

 . (C1)

The new basis is provided by the column vectors that we denote as follows: |py⟩, |px⟩, |dxy⟩, |s⟩, |n⟩. Or,
explicitly,

√
2|py⟩= |e−2⟩− |e+2⟩

√
2|px⟩= |e−1⟩− |e+1⟩
2|dxy⟩= |e−2⟩− |e−1⟩− |e+1⟩+ |e+2⟩

2
√
5|s⟩= |e−2⟩+ |e−1⟩− 4|e0⟩+ |e+1⟩+ |e+2⟩

√
5|n⟩= |e−2⟩+ |e−1⟩+ |e0⟩+ |e+1⟩+ |e+2⟩ ,

(C2)

these vectors are linearly independent and normalized since MMT = 1, therefore they form a basis of R5.
This notation emphasizes the the reminiscent analogy of |py⟩ and |px⟩ as dipoles and |dxy⟩ as a vector
with quadrupolar symmetry. Then, |s⟩ corresponds to an s-wave and |n⟩ is the neutral mode associated
to conservation of probability since it is a left eigenvector of v̂ with zero eigenvalue.

We can now translate the scattering problem due to a single obstacle in the new basis by writing
v ′ =MTvM. In the absence of driving v ′ is the diagonal matrix v ′ = 4−1diag(1,1,1,5,0); again, the
vanishing of the last row reflects conservation of probability. In the presence of driving the matrix v ′

becomes

v ′ =


∗ 0 0 0 0
0 ∗ ∗ ∗ 2v0/

√
10

0 ∗ ∗ ∗ 0
0 ∗ ∗ ∗ 0
0 0 0 0 0

 ; (C3)
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where ∗ indicate a nonvanishing element. The free propagator becomes in the new basis, G ′
0 =MTG0M,

for F= 0 is block-diagonal with the following structure

G ′
0 =


∗ 0 0 0 0
0 ∗ ⋆ ⋆ ⋆
0 ⋆ ∗ ∗ ∗
0 ⋆ ∗ ∗ ∗
0 ⋆ ∗ ∗ ∗

 , (C4)

where ⋆ vanishes when F= 0. We can already spot a difference between the quasi-confined model and
the unbounded one. For the unbounded model at F= 0 the free propagator G ′

0 is diagonal while for
F ̸= 0 the matrix G ′

0 is diagonal up to the nonvanishing elements ⟨s|G ′
0 |n⟩ and ⟨n|G ′

0 |s⟩.
The scattering problem takes the very same form in the new basis (principle of covariance), in the

new basis it reads

t ′ = v ′ + v ′G ′
0 t

′ . (C5)

We will need the S-matrix, which is defined by S= (1− vG0)
−1. The orthogonal transformation acts on

S as follows

S= (1− vG0)
−1

=
(
1−Mv ′G ′

0M
T
)−1

=
[
M(1− v ′G ′

0 )M
T
]−1

=M(1− v ′G ′
0 )

−1
MT

=MS ′MT , (C6)

therefore S ′ =MTSM with S ′ = (1− v ′G ′
0 )

−1. We find

(S ′)−1 = (1− v ′G ′
0) =


∗ 0 0 0 0
0 ∗ ⋆ ⋆ ⋆
0 ⋆ ∗ ∗ ∗
0 ⋆ ∗ ∗ ∗
0 0 0 0 1

 , (C7)

and the transformed scattering matrix

t ′ = (1− v ′G ′
0)

−1v ′ =


∗ 0 0 0 0
0 ∗ ⋆ ⋆ ⋆
0 ⋆ ∗ ∗ ⋆
0 ⋆ ∗ ∗ ⋆
0 0 0 0 0

 . (C8)

The transformed basis and the basis (e−2, . . . ,e2) are related to each other via

|vi⟩=M · |ei⟩ , (C9)

where |vi⟩ denotes the i-th vector of the new basis; e.g. |v1⟩= |py⟩, |v2⟩= |px⟩, |v3⟩= |dxy⟩. The inverse
transformation is

|ei⟩=MT · |vi⟩ . (C10)

The entries of the transformed scattering matrix t ′ can be expressed as certain matrix elements of the
original t-matrix in the transformed basis. As an illustration, we consider the element t ′22:

t ′22 = ⟨e2 |̂t ′|e2⟩
= ⟨px|M︸ ︷︷ ︸

〈e2|

MT t̂M︸ ︷︷ ︸
t̂ ′

MT|px⟩︸ ︷︷ ︸
|e2〉

= ⟨px |̂t|px⟩ .

(C11)
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To determine the matrix elements of the scattering t-matrix in the plane-wave basis, we only have to
consider contributions from the distinguished subspace r ∈ {0}∪N . Thus, we decompose the projection
of the wave vector onto the distinguished subspace, P̂|k⟩= N−1/2

∑
i exp(ik · ei)|ei⟩. By using (C10):

√
NP̂|k⟩=

∑
j

cj(k)|vj⟩ , (C12)

with

cj(k) =
∑
i

Mije
ik·ei , (C13)

whose explicit expressions are:

c1(k) =−
√
2i sin(ky)

c2(k) =−
√
2i sin(kx)

c3(k) = cos(ky)− cos(kx)

c4(k) =
1√
5

[
cos(kx)+ cos(ky)− 2

]
c5(k) =

1√
5

[
2cos(kx)+ 2cos(ky)+ 1

]
.

(C14)

The projector then becomes

√
NP̂|k⟩=− i

√
2sin(ky)|py⟩− i

√
2sin(kx)|px⟩+ [cos(ky)− cos(kx)]|dxy⟩

+
1√
5
[cos(kx)+ cos(ky)− 2]|s⟩+ 1√

5
[2cos(kx)+ 2cos(ky)+ 1]|n⟩ . (C15)

Let us consider now the forward-scattering matrix in the plane-wave basis, t(k) = ⟨k|̂t|k⟩. From the
above results

Nt(k) = N⟨k|P̂t̂P̂|k⟩
= N⟨k|P̂(Mt̂ ′MT)P̂|k⟩

=
(
⟨k|P̂M

√
N
)
t̂ ′
(√

NMTP̂|k⟩
)
,

(C16)

where

√
NMTP̂|k⟩=

∑
i

ci(k)|ei⟩ , (C17)

and finally

Nt(k) =
∑
ij

c∗i (k)cj(k)⟨ei |̂t ′|ej⟩

= |c1(k)|2⟨py |̂t|py⟩+ |c2(k)|2⟨px |̂t|px⟩+ |c3(k)|2⟨dxy |̂t|dxy⟩+ |c4(k)|2⟨s|̂t|s⟩+ 2Re
[
c3(k)c

∗
4 (k)

]
⟨s|̂t|dxy⟩ .

(C18)

The nonvanishing matrix elements are:

⟨py |̂t|py⟩=
1

4− g00 + g02
(C19)

⟨px |̂t|px⟩=
1

4− g00 + g20
(C20)

⟨dxy |̂t|dxy⟩=
s

4∆
(1− sg00) (C21)

⟨s|̂t|s⟩= 5

4∆

(
s+ 2+ g11 − g00(s+ 1)2

)
(C22)

⟨s|̂t|dxy⟩= ⟨dxy|t|s⟩=
s
√
5

8∆
(g01 − g10) , (C23)
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the quantity

∆≡ det
[
(S ′)−1|sd

]
= s[g00 + g11 − g01 − g10 + s(g01g10 − g00g11)] (C24)

is the determinant of the 2× 2 matrix obtained by taking the subspace corresponding to the dxy and s
elements in the matrix (S ′)−1.

C.2. Moments of the displacement
The calculation of the moments is facilitated by using the following results. We can now list some useful
properties of the projection operator that can be used for calculations that will follow.

∂kx
√
NP̂|k⟩

∣∣
k= 0

=−
√
2i|px⟩ (C25)

∂ky
√
NP̂|k⟩

∣∣
k= 0

=−
√
2i|py⟩ (C26)

∂2kx
√
NP̂|k⟩

∣∣
k= 0

= |dxy⟩−
1√
5
|s⟩− 2√

5
|n⟩ (C27)

∂2ky
√
NP̂|k⟩

∣∣
k= 0

=−|dxy⟩−
1√
5
|s⟩− 2√

5
|n⟩ . (C28)

Let us consider the velocity response. We consider

∂Nt

∂kx

∣∣∣∣
k= 0

= i
√
10⟨px |̂t|n⟩ , (C29)

where ⟨px |̂t|n⟩= t ′25. This can be extracted from t ′25 = (S ′v ′)25, namely from the product of the second
row of S ′ with the fifth column of v ′, the latter contains only one nonvanishing entry, v ′25 = 2v0/

√
10,

thus t ′25 = (2v0/
√
10)S ′

25. Therefore the function VL(F; s) defined by i∂kxNt|k= 0 := v0VL(F; s) is given by
VL(F; s) =−2v0S ′

25. Although the full dependence on F turns out to be rather long to be reported here,
provided s> 0, then for small F we have

VL(F; s) =− 8

∆L(s)
+O(F 2) , (C30)

where ∆L(s) is defined in equation (A17) and in equation (45) it is evaluated for some values of L. For
the sake of completeness, we mention that the small-F expansion of VL(F; s) at s= 0 contains, beyond
the F-independent term, a term of order O(F). For the non confined model (L→∞) the result for
VL(F;0) is

V∞(F;0) =−2+
(1−Γ)(2E−π )

E− (1−Γ−1)K−π/(2Γ)
+

Γ(2E−π)

E− (1−Γ−2)K
, (C31)

the force F enters through the complete elliptic integrals K≡ K[Γ−2] and E≡ E[Γ−2] with Γ(F) =
cosh2(F/4). For small forces the above admits the expansion

V∞(F;0) =−π +
F 2

32
[(4−π ) ln128− 3π ] +

1

16
(π − 4)F 2 log |F|+ . . . , (C32)

this allows us to elaborate the corrections beyond FDT which, quite interestingly, are nonanalytic in the
driving force

v(t→∞) = DxF+
n

16

(π
4
− 1

)
F 3 ln |F|+O(|F|3) , (C33)

with Dx = [1− (π− 1)n]/4 the diffusion coefficient.
Finally, we consider the second moment of the displacement. We use

∂2kxNt(k)
∣∣
k= 0

= 4t ′22 +
√
5t ′35 − t ′45

= 4⟨px|t ′|px⟩+
√
5⟨dxy|t ′|n⟩− ⟨s|t ′|n⟩ .

(C34)

We can obtain this result by observing that the only nonvanishing χij = ∂2kxc
∗
i cj|0 are: χ22 = 4, χ35 =

χ53 =
√
5, χ45 = χ54 =−1, and χ55 =−4. The last however do not contribute since t ′55 = 0, the same

applies to t ′53 = t ′54 = 0.
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C.3. Velocity response
The complete time-dependent velocity response can be obtained by inverting the Laplace transform with
the aid of equation (51). In analogy with the analysis of the time-dependent diffusion coefficient, the
procedure can be adopted by using the function f̂(s)− f(t→∞)/s which, in time domain, tends to zero
as t→∞. For the case at hand we consider v̂(s)− v(t→∞)/s. By using the expression for the terminal
velocity (equation (35)) the approach of the velocity to the terminal value is given by

v(t)− v(t→∞) =
2nv0
π

ˆ ∞

0
dωRe

[
g(iω)

]
cos(ωt) , (C35)

where g(s) := [VL(F; s)−VL(F;0)]/s. The analytical prediction for the normalized velocity response plot-
ted in figure 4 is given by (C35) upon normalizing to the initial value.

C.4. Time-dependent diffusion coefficient
The time-dependent diffusion coefficient in the frequency domain is given by

D̂L(s) =
1

4s
+ n

[
1

s

(
1

4
− 2

∆L(s)

)]
, (C36)

where

∆L(s) =−4− 8s− 8

L

√
s(1+ s)+

4

L

L∑
q=0

√
(2s+ 2− cos(2π q/L))2 − 1 . (C37)

In order to compute the inverse of the Laplace transform, we first single out the contribution yield-
ing the terminal value of the time-dependent diffusion coefficient, which in Laplace domain takes the
form Deq

x /s, where D
eq
x = lims→0 sD̂L(s) is

Deq
x =

1

4
+ n

(
1

4
− 2

∆L(0)

)
. (C38)

We can now write equation (C36) in the form

D̂L(s) =
Deq
x

s
+

[
D̂L(s)−

Deq
x

s

]
, (C39)

more explicitly, the above reads

D̂L(s) =
Deq
x

s
+ n

[
1

s

(
2

∆L(0)
− 2

∆L(s)

)]
. (C40)

When converted into the time domain, the quantity in square brackets vanishes at long times, therefore
we can apply the technique outlined in the main text to find the time-dependent diffusion coefficient
DL(t),

DL(t) = Deq
x +

2n

π

ˆ ∞

0
dωRe(FL(iω))cos(ωt) , (C41)

where

FL(s) =
1

s

(
2

∆L(0)
− 2

∆L(s)

)
(C42)

encodes the obstacle-induced contribution to the time-dependent diffusion coefficient. We note that
from the above relations we can find the VACF (recall that ẐL(s) = sD̂L(s)) by taking a derivative with
respect to time in equation (C41):

ZL(t) =−2n

π

ˆ ∞

0
dωωRe(FL(iω)) sin(ωt) . (C43)

Let us analyze the response contribution ∆DL(t) defined by DL(t) = Deq
x + n∆DL(t). From the low-

frequency behavior of D̂L(s) we obtain the asymptotic form

∆DL(t)∼
16√
πLC2

L

t−1/2 ≡∆Dtail(t) , t→∞ . (C44)
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Figure 9. The response to the time-dependent diffusion coefficient∆DL(t) rescaled to its asymptotic tail. The dashed black line
indicates the exact long-time tail t̃−1/2, the dot-dashed corresponds to the transient tail c̃t−1, with c= 4/π3/2. The solid cyan
line is obtained from the scaling expression (equation (C48)) for a finite but large value of L; in this plot L= 211.

describing how DL(t) approaches the terminal value Deq
x . While a more profound analysis reveals a

transient-time tail of the form DL(t)∝ t−2 at shorter times and for large L. This feature suggests to seek
for a scaling form for DL(t). By following the ideas already adopted for the VACF, we propose a scaling
ansatz of the form

∆DL(t) = L−2D(t/tL) , (C45)

for t→∞ and L→∞ with finite t/tL, where tL = L2. It is simple to show that L−2 in equation (C45)
ensures the long-time behavior:

D(̃t)∝

{
L−1̃t−1/2 , L<∞,

t̃−1 , L=∞ .
(C46)

The plot of figure 9 provides the response to the time-dependent diffusion coefficient as a function
of the rescaled time t/L2. The response is measured in units of the asymptotic tail ∆Dtail(tL). By inspec-
tion of this plot we conclude that for L→∞ a scaling function D(̃t) characterized by two distinct power
laws is actually emerging. In the large-L and large-t limit, we expect that the scaling function to be given
by

D(̃t) = lim
L→∞

2L2

π

ˆ ∞

0
dωRe(FL(iω))cos(ωL2̃t) , (C47)

a representation that follows from equation (C41) and the scaling ansatz (equation (C45)). This integral
representation suggests to perform the change of variables Ω= ωL2 in equation (C47), the latter yields a
rather suggestive form for the scaling function D(̃t):

D(̃t) = lim
L→∞

2

π

ˆ ∞

0
dΩRe

(
FL(iΩ/L2)

)
cos(Ωt̃) ; (C48)

however, this representation presents some subtleties due to the simplification of the overall L2 outside
the integral with the L−2 stemming from dω = L−2dΩ. This is certainly correct provided L is finite,
while this operation must be handled with care if L→∞, in particular also the order of limit and inte-
gration is important.
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Appendix D. The functionVL(F; s) for the quasi-periodic two-lane model (L = 2)

Here we provide the explicit expression of V2(F; s). Since the result is rather long, we will write

V2(F; s) =
A(cosh(F),cosh(F/2), s)

B(cosh(F),cosh(F/2), s)
, (D1)

where A(a,b, s) and B(a,b, s) are the functions given by

A(a,b, s) =
√
2b2

√
(b+ 2s− 1)(b+ 2s+ 3)

√
a+ 8s(b+ s)− 1+ 2

√
2bs

√
(b+ 2s− 1)(b+ 2s+ 3)

√
a+ 8s(b+ s)− 1

+ 4
√
2b
√

(b+ 2s− 1)(b+ 2s+ 3)
√

a+ 8s(b+ s)− 1−
√
2
√

(b+ 2s− 1)(b+ 2s+ 3)
√

a+ 8s(b+ s)− 1

− 4b4 − 24b3s− 12b3 − 48b2s2 − 48b2s− 4b2
√

(b+ 2s− 1)(b+ 2s+ 3)

+ 2b2
√

(b+ 2s− 1)(b+ 2s+ 3)
√

(b+ 2s+ 1)(b+ 2s+ 3)+ 4b2 − 32bs3 − 48bs2 + 8bs

− 8bs
√

(b+ 2s− 1)(b+ 2s+ 3)+ 4bs
√

(b+ 2s− 1)(b+ 2s+ 3)
√

(b+ 2s+ 1)(b+ 2s+ 3)

+ 4
√

(b+ 2s− 1)(b+ 2s+ 3)− 2
√

(b+ 2s− 1)(b+ 2s+ 3)
√

(b+ 2s+ 1)(b+ 2s+ 3)+ 12b , (D2)

and

B(a,b, s) = 2
√
2b2s

√
a+ 8s(b+ s)− 1+ 8

√
2s3

√
a+ 8s(b+ s)− 1+ 8

√
2bs2

√
a+ 8s(b+ s)− 1

+ 16
√
2s2

√
a+ 8s(b+ s)− 1+ 8

√
2bs

√
a+ 8s(b+ s)− 1+ 6

√
2s
√

a+ 8s(b+ s)− 1

− 6b3s− 4b3 − 36b2s2 − 42b2s− 2b2s
√

(b+ 2s− 1)(b+ 2s+ 3)+ 4b2s
√

(b+ 2s+ 1)(b+ 2s+ 3)

+ 4b2
√

(b+ 2s+ 1)(b+ 2s+ 3)− 12b2 − 72bs3 − 8s3
√

(b+ 2s− 1)(b+ 2s+ 3)

+ 16s3
√

(b+ 2s+ 1)(b+ 2s+ 3)− 120bs2 − 8bs2
√

(b+ 2s− 1)(b+ 2s+ 3)− 24s2
√

(b+ 2s− 1)(b+ 2s+ 3)

+ 16bs2
√

(b+ 2s+ 1)(b+ 2s+ 3)+ 32s2
√

(b+ 2s+ 1)(b+ 2s+ 3)− 42bs− 12bs
√

(b+ 2s− 1)(b+ 2s+ 3)

− 6s
√

(b+ 2s− 1)(b+ 2s+ 3)+ 24bs
√

(b+ 2s+ 1)(b+ 2s+ 3)− 4s
√

(b+ 2s+ 1)(b+ 2s+ 3)

+ 4b
√

(b+ 2s+ 1)(b+ 2s+ 3)− 8
√

(b+ 2s+ 1)(b+ 2s+ 3)+ 4b− 48s4 − 104s3 − 36s2 + 26s+ 12 . (D3)

The explicit expression of VL(F; s) for arbitrary L is more involved and can be obtained as illustrated in
the supporting Mathematica script [66].
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